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Recommended Reading

Since this course covers material from different subject areas (including aerodynamices,
thermodynamics, gas turbines, and specialized topics on internal combustion engines and
rocket-propulsion), we are relying on different references. Below is a list of complementary
reading material for this course; all books are on reserve at the library:

e Thermodynamics:

Cengel & Boles: Thermodynamics: An Engineering Approach, McGraw-
Hill [12];
Reynolds & Perkins: Engineering Thermodynamics, McGraw-Hill [55].

e Aerodynamics:

Anderson: Introduction to Flight, McGraw-Hill [1];
Anderson: Modern Compressible Flow, McGraw-Hill [2].

e Gas Turbine Engines

Mattingly: Elements of Propulsion: Gas Turbines and Rockets, ATAA Ed.
Series. [45] (Recommended Text)

Saravanamuttoo, Rogers, Cohen, & Straznicky: Gas Turbine Theory, Pear-
son [50]

Hill & Peterson: Mechanics and Thermodynamics of Propulsion, Addison-
Wesley [29];

Lefebvre: Gas Turbine Combustion, Taylor & Francis [39];

Farokhi: Aircraft Propulsion, Wiley [20];

Cumpsty: Jet Propulsion — A Simple Guide to the Aerodynamic and Ther-
modynamic Design and Performance of Jet Engines, Cambridge University
Press [16];

Rolls Royce: The Jet Engine — A Complete Overview of the Modern Gas
Turbine [62].

Dixon & Hall: Fluid Mechanics and Thermodynamics of Turbomachinery,
Butterworth-Heinemann (also available as online resource:
http://www.sciencedirect.com/science/book/9780124159549)

Online resource to Jane’s aero engines: https://janes.ihs.com

e Internal Combustion Engines:

Heywood: Internal Combustion Engine Fundamentals, McGraw-Hill [23];
Stone: Introduction to Internal Combustion Engines, Palgrave MacMillan [60];
Lumley: Engines — An Introduction, Cambridge University Press [41].

e Rocket Propulsion

Sutton & Biblarz: Rocket Propulsion Elements, Wiley [61];


http://www.sciencedirect.com/science/book/9780124159549
https://janes.ihs.com

— Huzel & Huang: Modern Engineering for Design of Liquid-Propellant Rocket
Engines, American Institute of Aeronautics and Astronautics [30].
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Nomenclature
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Generic chemical species
Reaction frequency factor (order m)
Area

Diameter

Activation energy

Internal energy

Distance function

Enthalpy

Identity tensor

Equilibrium constant
Number of a generic quantity
Number of molecules/atoms
Probability density function
Prior probability density function
Heat Release

Gas constant

Correlation function

Entropy

Temperature

Volume

Diffusion velocity of species a
Molecular weight

Wiener Process

Mole fraction of species a
Mass fraction of species a
Mixture fraction
Compressibility

Speed of sound

Specific heat capacity at constant {pressure,
volume}

Specific internal energy

Unit vector

Gravitational acceleration
Specific enthalpy

Diffusion flux of species «
Rate constant (order m)
Boltzmann constant

Mass

Number of moles

Normal vector

Pressure

Heat flux vector

Flame speed

1.3806 x 10—23
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m?2
m
J/mol

J
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s Specific entropy J/(kg-K)
u Velocity vector m/s
v Specific volume m3 /kg
We Volumetric reaction rate of species « 1/m3—s
Y Element mass fraction - -
Qg Diffusivity of species a - m? /s
aT Thermal diffusivity - m?/
b% Scalar dissipation rate - 1/s
é Dirac delta function - -

é Characteristic thickness - m

€ Turbulent dissipation rate - m?/s3
n Kolmogorov scale - m

¥ Specific heat ratio - -

A Thermal conductivity - W/(m-K)
Ag Taylor microscale - m
A Burning rate eigenvalue - m/s
K Bulk viscosity - Pa-s
K Wavenumber - ;1

p Density - kg/m3
“w Dynamic Viscosity - Pa-s
v Kinematic Viscosity - m? /s

Va, V), vl Stoichiometric coefficient, mole number of - -
species «

Wa Production rate of species a - 1/s
o) Equivalence ratio - -

[ Two-point autocorrelation function - -

o Viscous stress tensor - Pa
T Timescale - S

& Generic variable - -

¢ Generic variable - -

) Streamfunction - m? /s
P Flame surface density - -
(/3 Unit vector - -
6 Mean quantity - -
) Fluctuating quantity - -
()° At reference conditions - -
()o At reference conditions - -
ON Activation - -
OF Forward reaction (k) - -
()¢ Formation (h) - -
(), Reaction indicator - -
() Turbulent - -
) Generic vector - -
) Generic tensor - -
) Rate (time derivative) - 1/s
6 Favre average - -
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Molar

Time (0)

Total(h);
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Species indicator

Species indicator
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Heaviside function
General transport operator
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Velocity sample space variable
Mass fraction sample space variable
Universal gas constant
Reynolds number

Heat release parameter
Damkohler number
Eckhart number

Froude number

Lewis number

Mach number
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Zeldovich number







CHAPTER 1

Course Information

1.1. Course Organization

The goal of this course is to integrate concepts from turbulence, combustion, and mathe-
matics to give the reader a thorough understanding of turbulent combustion. To accomplish
this, the course has the following outline:

(1) Governing Equations
e Key definitions
e Conservation equations
e Transport models
e Chemical models
e State equations
(2) Mathematical Analysis of Simple Flames
e Nondimensionalization
e Important modeling simplifications
(3) Review of Mathematical and Combustion-Physical Concepts
e Turbulence: filtering, averaging, statistical analysis
e Combustion: premixed and non-premixed
(4) Combustion Modeling
Topology-based combustion modelling
Topology-free combustion models
Pollutants and emissions
Combustion instabilities
Spray combustion
(5) Selected topics
¢ RANS
LES
DNS
Heterogeneous combustion
Plasma-assisted combustion
Flame stabilization



1. COURSE INFORMATION

1.2. Computing Environment

During the course of this class, it will be instructive to utilize the Cantera software
package to compute a variety of quantities relevant to turbulent combustion. It is highly
recommended that this package be installed within the Anaconda python distribution to
ensure cross-platform operability as well as consistency in results, syntax, and debugging.
Steps to install and test are as follows:

(1)
(2)

Download and install the latest version of the Anaconda python distribution.
Execute the following command to install Cantera and other dependencies within
a virtual environment called ”canpy” running Python 2.7.

conda create -n canpy -c cantera cantera ipython matplotlib
jupyter python=2.7

You can now activate this environment at any point by running,
source activate canpy

or deactivate by running,

source deactivate

Additional instructions on installing Cantera can be found here.

Once Cantera has installed successfully, you can test package operability by
executing a simple premixed flame calculation in the Jupyter notebook provided
in Sec. 8.1. Execute the command,

jupyter notebook

select “Notebook” from under the “New” menu, and you will be presented with
a blank notebook. You can then insert the provided code, which will import the
Cantera package, define several useful functions for interacting with the solution
object, print gas parameters, and plot the structure of a stoichiometric premixed
flame. Additional documentation can be found on the Cantera website.


http://www.cantera.org/docs/sphinx/html/index.html
https://www.continuum.io/downloads
http://www.cantera.org/docs/sphinx/html/install.html
http://www.cantera.org/docs/sphinx/html/index.html

CHAPTER 2

Definitions and Governing Equations

Chemically reacting flows are fully described by conservation equations for mass, mo-
mentum, species, and energy with the state equation relating thermodynamic properties to
one another. In the following, we present key definitions, introduce important combustion
concepts, and define governing equations together with constitutive relations that form the
foundation of combustion science.

2.1. General Definitions

2.1.1. Equation of State. An equation of state defines a constitutive relation between
two or more thermodynamic variables. The most common form is the ideal gas law. The
ideal gas law can be expressed in different, but equivalent forms, as:

Mass-specific: pV =mRT | (2.11)
Mole-specific: pV =nRT , (2.12)
Molecule/atom-specific: pV = NkpT , (2.13)

where R is the universal gas constant, and R = R/W is the gas constant of the mixture.
The ideal gas law, Eqs. (2.11)—(2.13), is applicable for conditions such that the distance
between molecules is sufficiently large and no intermolecular forces exists between molecules.
As an example of a situation wherein this equation of state would not apply, consider the
case of rocket combustion, where high-pressure fuel injection requires consideration of real-
fluid effects. A common form for these real-fluid state equations is the cubic state equation,

RT O(v—n)
v—b (=02 +dov+e)

p= (2.14)
where ©,b,7m,¢, and § are parameters depending on temperature, mixture, and critical
conditions [51]. To evaluate the deviation from the ideal-gas conditions, the compressibility
Z is commonly introduced:

pV
mRT"

(2.15)
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FIGURE 2.11 Thermodynamic state plane and supercritical state struc-
ture. The Widom line is an extension to the coexistence line at critical pres-
sure, and marks the crossover between supercritical liquidlike and gaslike
The dashed line where the compressibility Z = 0.95 denotes the
transition to an ideal gas.

where Z = 1 denotes an ideal gas, and conditions for Z > 1 or Z < 1 require the consid-
eration of real-fluid effects. The region where the ideal gas law is approximately valid is
shown in Fig. 2.11. Often, the real-fluid state equations are explicitly written in terms of

Z.

2.1.2. Mass Fraction and Mole Fraction. We can define the mass fraction of species

a, Y, as,

where m = Z

y, = Pa _ Ma
P m

2, Mg is the total mass of the species.
The mole fraction of species «, X, is defined as,

Ney

Xa:_7
n

(2.16)

(2.17)
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N, . . .
where n = ) '°, n, is the number of moles of all species. Conservation of mass and
conservation of moles require that,

Ng N
Z Z = (2.18)

By using the ideal gas law from Eq. (2.12), we can define the partial pressure p, of species
« as,

paV =naRT. (2.19)
By taking the ratio between Eq. (2.19) and Eq. (2.12), we obtain
Pa T pe = Xap, (2.110)
D n

which is Dalton’s Law. Dalton’s law of partial pressure can be expressed in both mole-based
and mass-based forms,

p= Zpa = Z Xop  (Mole-specific) (2.111a)

p= Z Pa = Z Y.p  (Mass-specific). (2.111b)

We can also write the mass of a particular species as,
Mo = NaWa, (2.112)
and the mean molar mass W can be expanded as,

Zna Z - Mo 1 _ X Yo (2.113)
W W nW W 2 W, T AW '

Using this result, we can relate the mass fraction and mole fraction via the mixture molar
mass,

N, No oy -1
W=> X,W, = (Z W“) : (2.114)

a=1 a=1
Further, some simple algebra using Eq. (2.112) relates the mass and mole fractions,
N Mea/We Y /W, WY,

a=—=

n Z]av;l Ma/Wa Zgi1 Yo/Wa Wa -
The ability to relate mass and mole fractions can become quite useful in intuitively express-
ing the results of much of the analysis we will present.

(2.115)
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2.2. Stoichiometry and Equivalence Ratio

The generic form of a chemical reaction can be written as

Ny
Z VA, = ZV"Aw (2.21)

with A, denoting the chemical species o, v/ and " the stoichiometric coefficients for
reactants and products, and v, = v/ — v/, the net stoichiometric coefficient. In this context,
we would like to emphasize the difference between the stoichiometric coefficient (v, ") and
mole number (n): While the stoichiometric coefficient is determined by the law of mass
action through a chemical conversion reaction, the mole-number is a local quantity that
can change depending on flow-field conditions. Only for the condition that n, = na,st,
that is stoichiometric conditions, are both quantities identical.

We can now consider a generic stoichiometric reaction of fuel F and oxidizer O forming
a product P,

vpF 4+ 150 = vpP, (2.22)

by defining the mole ratio, which is equal to the ratio of stoichiometric coefficients in the
unburned mixture (denoted with subscript “u”). With Eq. (2.112), it follows that,

/
U U [6)
no o XO - 14 (2 23)
B =— .
NF,u st XF»U st Vg
/
mo,u - Yo,u o VOWO - (2 24)
= = =, .
Fou Foulg Wr
m st Y st U

where v is the stoichiometric fuel-air ratio. From these definitions, we can derive the
equivalence ratio, which is the standard quantity defining the relative amounts of fuel and
oxidizer in a reacting flow,

mg/mo Yr,u/You YFu
_ — ) J = 2.25
d) (mF/mO)st (YF,U/YO,u)st YO u ( )

More commonly, we consider the equivalence ratio ¢, which is defined with respect to the
fuel and air mixture,
mg / Mair
o= -—"—""—. (2.26)

(mF /mair ) st
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Note that the ranges of ¢ are as follows,

<1 Fuel lean
¢ <=1 Stoichiometric . (2.27)
> 1 Fuel rich

2.3. Mixture Fraction

Fuel (F)— F

® P — Products

Oxidizer (O) — O

.

FIGURE 2.31 Schematic of a two-stream combustion chamber.

The mixture fraction Z describes the local equivalence ratio in the mixture. This quan-
tity physically describes the amount of local mixture that originated from the fuel stream,
and is introduced as a non-dimensional quantity with the specific purpose of describing
non-premixed flames via a conserved scalar. Consider a two-stream non-premixed burner
system in which the fuel is injected through stream F and the oxidizer is injected through
stream O as in Fig. 2.31,

Fuel 4+ Oxidizer — Products
mpF +moO — (mg + mo)P (R1)

1@F+<mo>(%AO+(mo>>P, (R2)
mg st mg st

For this twos-stream system, we can define the coupling function &

which measures the deviation from the local stoichiometric. From this, we can introduce
the mixture fraction Z,

z=8 =%, Z € [0,1]. (2.33)

&r —&o

which provides a normalization so that Z = 0(£* — &) defines the condition in the oxidizer
stream and Z = 1(£* — &p) defines the condition in the fuel stream. Qualitatively, the
mixture fraction can be considered as quantity that represents that normalized mass of
material originating from the fuel stream.
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Unburned ATO
Burned >
0 Zat 7 1

Ficure 2.32 Diffusion flame representation in both unburned and
burned states.

We can now consider the simplified case where only fuel or oxidizer are present in the
fuel (stream F) and oxidizer (stream O) streams, meaning that Yo r = Yr o = 0. This
situation simplifies the expression of the mixture fraction to,

(I/YF — Yo)* + Y0,0

Z= Tor + Yoo (2.34)
By considering a stoichiometric mixture such that vYr = Yo, we have,
Yo,0 Ve r] "
gy = 7IJYF7}' J’r Yoo = [1 + Yo,,(’)} . (2.35)
As a brief clarification, consider the reaction:
vpF 4+ 50 — P = (vp + 1v5)P (R3)
VpWEF + 15 W60 — vpWpP = (mp + mo)P. (R4)

From this formulation, an expression relating the equivalence ratio ¢ to the mixture
fraction can be obtained. We can first rewrite Eq. (2.33) as,

Yr —Yo)u + Y4 Yr —Yo)u Y.
7 (¥Ye =Yo)u+ Yoo _ (v¥r —Yo0) n 0,0 (2.36)
vYr r+ Yo 0 vYrr+Yoo VYrr+Yoo
Now, using Eq. (2.25) and the fact that Yp, = Yr #Z and Yo, = Yo,0(1 — Z) as in
Fig. 2.32, we can write the mixture fraction as,

Z=Zu4(1=2Z)(¢p—1)+ Zy, (2.37)
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and solve for ¢ as,

7 1-Zy
=2 - st 2.
=177, (2.38)

We now present a few remarks on the mixture fraction:

e Key requirements:
— Derived from linear combination of subset of species mass fractions
— Conserved property (i.e. no scalar source term)
— Bounded between Z € [0,1] (Z — 0 for oxidizer stream, Z — 1 for fuel
stream)
— Representation of local composition with respect to fuel stream composition

e The definition that we introduced was based on a one-step global chemical reac-
tion, and the combination of fuel/oxidizer mass fraction (vYr —Y) was selected so
as to eliminate the source term from the corresponding species equation. Analysis
demonstrating this point in more detail will be discussed in Sec. 3.3.

e An extension of the mixture fraction to multistep reactions can be facilitated by
considering the elemental mass fraction, which was first introduced by [5]. Such
an expression involves relating mixture fraction to the elemental mass fractions of
carbon, hydrogen, and oxygen. In the case of carbon, for instance,

N

: Yo M,

w:ZMﬂMﬁ (2.39)
a=1 o

where nc o is the number of carbon atoms in species . A main issue with this
definition is the difficulty in writing a conservation equation that is mathematically
tractable.

e The mixture fraction formulation presented within this section is limited to two-
stream systems. Extensions to multi-stream systems can be enabled via use of a
barycentric coordinate system or an elemental formulation, as discussed in Dis-
cussion Box 1.

o Extending the mixture fraction concept to liquid/gas-phase systems such as spray
flames can be accomplished in effective composition space, as detailed in Discus-
sion Box 2.
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2.4. Enthalpy, Internal Energy, and Thermodynamic Properties

In combustion, we are mostly concerned with control volume analysis, so it is usually
convenient to work with enthalpy. We define the specific sensible + chemical enthalpy of
species « as,

dhe = cpdT + B, (2.41)
T
m:/cmﬂ+ww (2.42)
To N~~~
he
hs

where the first term is the sensible enthalpy and the second term is the chemical enthalpy.
The enthalpy of a mixture can then be written in terms of the total sensible and chemical
enthalpies,

dh = hadYy + dhoYa (2.43)

N, T
h=> heVa= / cpdT + > h \Ya, (2.44)
a=1 To «
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where ¢, = Zgil Y, cp o is the specific heat capacity of the mixture at constant pressure.
We can similarly define the specific total enthalpy as the sum of the mixture enthalpy and
the kinetic energy as,

T N, 1
— 0 2
hy = /T cpdT + ; W oYa + 5 lul?, (2.45)

where the last term is the specific kinetic energy. In differential form, this can be written

N
dhy = cpdT + > B odYo + uidu. (2.46)
a=1
Finally, the following relation defines the internal energy e in terms of the sensible
enthalpy, pressure, and density,

de = dh — d(p/p), (2.47)
such that,
T N
e—= / codT — RTy+ Y h§ ,Ya. (2.48)
To a=1

We also note that the specific heat capacities at constant volume (¢, ) and constant pressure
(cp) are related by the ratio of specific heat, ~,

=22 (2.49)

Cv

Note that the specific heats for various quantities have been tabulated for both high and
low temperature regimes. These can generally be found in the form of NASA polynomials

[ ]7

5
Cpw = aiT". (2.410)
i=—2

2.5. Conservation Equations

Chemically reacting flows are described by the conservation equations for mass, mo-
mentum, energy, and species. Here we derive these equations in general form and introduce
simplifications that are often used for turbulent flow simulation.
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2.5.1. Continuity Equation. The continuity equation, which describes conservation of
mass, can be written with full generality as follows:

Op+V - (pu) =0, (2.51)
where p is the density and wu is the velocity vector. By introducing the substantive derivative,
Di=d+u-V, (2.52)

we can express Eq. (2.51) as,
Dip = —pV - u, (2.53)

which represents the net change of volume following a control mass. From this, it follows
for a generic scalar quantity that,

9(pd) +V - (pdu) = pdid + ¢dsp + pu -V + ¢V - (pu) (2.54a)
= 06 +u- Vo) + ¢ (Do +F~(pw)] (2.54b)
= pDi¢ (2.54c)

2.5.2. Momentum Conservation. The momentum conservation equation can be writ-
ten as,

N
pDyu = 0y(pu) + V- (pu@u) = —Vp+V-a+ > pYaga, (2.55)

a=1
where g, denotes the vector of body forces acting on species a and ¢ is the viscous
stress tensor.

2.5.3. Species Conservation. It is most convenient to consider species conservation in
terms of the mass fraction of species a,

pD:Yo = 0(pYa) + V- (puYa) = =V - jo + pia, (2.56)

where j, is the species diffusion flux and pw, is the chemical source term of species a.. The
species diffusion flux in Eq. (2.56) can be expressed as,

Ja = —pVaYa, (2.57)

with Vi, the diffusion velocity of species a. We will consider models for this quantity
in Sec. 2.6.2. By considering Eq. (2.111b) and the relation between species conservation
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Eq. (2.56) and mass conservation Eq. (2.51), we can observe that the following relation
must hold,

zs: [0:(pYo) + V- (puYy)] = dp+ V - (pu) = 0. (2.58)

In light of Eq. (2.56), this directly implies the following constraints

N
> Vo =0 (2.59)
a=1
N
> pioa =0. (2.510)
a=1

2.5.4. Total Enthalpy Conservation. For open combustion systems it is convenient to
express energy conservation in terms of total enthalpy. Recalling Eq. (2.46), we can express
conservation of enthalpy as follows,

N,

pDihy = Or(phy) +V - (puh) = Op =V - q+V - (g -u) +p Z Yaga - (u+Va), (2.511)
a=1

where 9;p is the pressure work, —V - ¢ is the heat flux, V - (¢ - u) is the viscous dissipation,

and ngil Yaga - (u+ V,) is the external body force work. By subtracting the rate of
change of the kinetic energy, we obtain an expression for the sensible and chemical enthalpy,

N
Oi(ph) + V - (puh) = Dip =V - q+0:Vu+p Y _ VYaga - Va- (2.512)

a=1
Using Eq. (2.48), the conservation equation for the chemical and sensible internal energy
can be written as,

N
pDie = 0¢(pe) +V - (pue) = =V -q+a: Vu —pV -g+pz Yoga - Va, (2.513)

a=1

where ¢ : Vu is the viscous dissipation and pV - u is the pressure-dilatation work.

2.6. Constitutive Relations and Transport Properties

We can now complete the conservation equations by prescribing the constitutive rela-
tions for viscous stress and diffusive flux of both heat and mass.
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2.6.1. Viscous Stress Tensor. Here, we consider only Newtonian fluids, meaning that
viscosity is only a function of fluid properties (Y, T), but not dependent on the strain rate
or local velocity field. For this, we can write the viscous stress tensor in the following form,

g = p[Vu+ (Vo) + AV -u [, (2.61)

where p is the dynamic viscosity, v = p/p is the kinematic viscosity, A\ = x — 2u/3 is
the second viscosity coefficient, and « is the dilatational (or bulk) viscosity coefficient; x
describes the irreversible conversion of mechanical work into heat by dilatational strain
(sound waves, ultrasonic waves, etc.). The contribution of the dilatational viscous flux
(kV - w) is small in dilute monatomic gases, low-Mach flows (V -« — 0), or boundary
layers. However, the ratio of k/u becomes significant for species relevant for combustion
applications (Hy ~ 20, CHy ~ 2, O ~ 1, Ng ~ 1). The effect of bulk viscosity (see
Discussion Box 3) also requires consideration in high speed flows; this is seldom done,
as the effects of k/u are commonly neglected in flows of engineering interest. For more
information on this subject, see [24]. Finally, note that with x = 0, we obtain the common
form of the viscous stress tensor,

o = u[Vu+ (Vu)) 24V -ul (2.62)

It is at this point also important to consider the dependency of viscosity on mixture com-
position and temperature — several different approximations are employed, each of which
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has a different scaling with temperature of the form,
v T\™
20 To)

v=p/p,

the kinematic viscosity. Several common approximations are as follows:

_ T
H= Ko T, )

with,

(1) Chapman-Approximation:

21

(2.63)

(2.64)

(2.65)

with pg, Ty reference quantities. In terms of the kinematic viscosity, this yields

the following scaling,

v K Po
LAY )
Vo Ho p
(2) Sutherland Form:
T +T (TN
H = Ko T+ Ts TO )

(2.66)

(2.67)

with the Sutherland temperature T =~ 110.4 K. In this case, we observe a non-

trivial scaling with temperature,

v um_%+ﬂ(Tym

vw pop THTs \Top

(3) Wilke Form:

N,

o= Z Xalla

N, )
a=1 23:1 Xp®Pap

1 W\ /2 u 1/2 Wi 1/4
where ®,5=—[(1+ a) 1+ ( a) <) ,
SRVE ( Ws 1p Wa

(2.68)

(2.69)

(2.610)

is a function of molecular weight and viscosity of the different species and @ is
the appropriate collision cross-section. For a relevant discussion of how different

approximations of the viscosity can affect combustion simulations, see |
that viscosity is generally only important in low Reynolds number flows.

]. Note
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2.6.2. Species Transport. The species flux j, in Eq. (2.57) introduces the diffusion veloc-
ity. There are two major approaches to computing the diffusion velocity: multi-component
transport and mixture-averaged transport. In the case of full multi-component diffusion,
we can write the diffusion velocity as,

1

Vo= 7

T Z Wsata,sds — p7v1nT (2.611)
BF#o

where 0q,p is the multicomponent diffusion coefficient of species « diffusing into species 3,

al is the thermal diffusion coefficient, and the term Y 5 V1InT describes the Soret effect,
wherein the species diffusion occurs due to a temperature gradient. The diffusion vector dg
can be written as,

N,
P
dy =VXg+ (Xg—Ys)Vinp+ ’ > YaYs(ga — gs)- (2.612)
a=1

Note that the term VX3 describes the species gradient while the term (Xg — Y3)ViInp
describes diffusion flux due to a pressure gradient.

In a mixture-averaged approach, we write the diffusion velocity as the following using
the Hirschfelder-Curtiss approximation,

1% L nd — 20 g (2.613)
a = _70404,04 —_ n 5 .
- Xa pYo
with «, the mixture-averaged diffusion coefficient of species « defined as,
1-Y,
O = . (2.614)
Z,@?ﬁa Oéa B

More detail on this formulation can be found in [50].
Common simplifications of these species expressions include:

e Species diffusion by temperature gradients are small (neglect thermal diffusion),

1
Vo= —X—aaada (2.615)

e Species diffusion by pressure gradients are small (in such situations as open flames
and deflagrations). This case results in a simplified form of the diffusion velocity
expression, known as Hirschfelder’s Law [50],

Va = —aaVIn X,, (2.616)
with d, = VX, from Eq. (2.612)
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e Under even stronger assumptions including equal species diffusivities (o, = «) or
binary mixtures, Fick’s Law can also be used exactly,

Vo =—aVnY, (2.617)

2.6.3. Energy/Heat Flux. The heat flux vector has the following form,

N N,
: o
q=-AVT+pY YoVaha — % > o aad +an. (2.618)

a=1 a=1

where gr is the radiative heat flux, AVT is the conductive heat flux, ngil Yo Vaha is

the transport of enthalpy by different species, and % Zg;l Yiagda is heat flux induced by

pressure and/or body forces (also known as the Dufour effect). The thermal conductivity
is evaluated via the Mason-Saxena formula [13],

N, N,
- - Xp _ 2, T A
A:§ Ao |1+ E GQBX— with Ga/g:g Y (2.619)
a—1 B#a a D Qap

where L7 ; is a non-dimensional function involving the molecular weights of a and 8 and
depends on exactly how the approximation is made. Thus, several contributions to transport
include:

e Soret Effect: Diffusion of species due to a temperature gradient. Note that this
effect tends to push light molecules such as hydrogen to hotter regions and heavy
molecules such as soot and nitrogen to colder regions. This effect is also known
as thermophoresis in the context of particulates [38, 0].

o Dufour Effect: Diffusion of heat/energy due to a concentration gradient [38].

e Diffusion by pressure gradients

e In general, second-order diffusion processes such as the Soret and Dufour effects
are much smaller in magnitude than Fickian diffusion. Important exceptions in
the context of combustion include transport of hydrogen against temperature gra-
dients, wherein thermal diffusion can compete with Fickian diffusion, and the
transport of heavy particulates such as soot down temperature gradients. Indeed,
it is thermophoresis that ensures that soot particles formed in a diffusion flame
tend to remain within the reaction zone. The Dufour effect, on the other hand, is
generally negligible in combustion environments.
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2.6.4. Recap and Summary of Working Equations.

We can now summarize our presentation of the conservation equations,

Mass: Oip+ V- (pu) =0
N
Momentum: 0;(pu) +V - (pu @u) = -Vp+V . -g+ Z PYaga
a=1

Species: O¢(pYa) +V - (puYs) = =V - jo + pa

a=1

Total Enthalpy: 0;(pht) +V - (puht) = 0;p =V - q+V - (g - u) + pz Yaga - (u+ Va)

(2.51)

(2.55)

(2.56)

(2.511)
State Relation: p = pRT (2.11)
with the following constitutive relations,
g = p[Vu+ (Vu)'] + (k = 2u/3)V -u I (2.62)
w= f(X,T),x: bulk viscosity
Ja = —pVaYa (2.57)
q=—AVT (2.620)
2.7. Reaction Chemistry
Let us first consider the generic reaction sequence,
N, gy e
> ViAo = > VAo, 1=1,...,N, (2.71)
a=1 a=1

with N, the number of reactions, A, defining species «, and v/, v/, the molar coefficient

[e3%

of species « in reaction [. Note that we can also define 7, as the chemical source term of

species « in terms of wy, the reaction rate for reaction [,
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Ny
Mo = pioa = Wa Y Vet (2.72)
=1
Further, we can write w; as follows,
N, N,
w = By [[1A4a)" = K T] [Aal", (2.73)
a=1 a=1
Y,
where [Aq] = pﬁ, (2.74)

in terms of k‘éc and k!, the forward and backward rate coefficients of reaction I. These rate
constants can be written in Arrhenius form,

E
kjéC = A TP exp {— RATJ } , (2.75)

and the backward rate constant is obtained from the equilibrium constant,
kg
ky

K = (2.76)

2.8. Useful Simplifications

A number of useful assumptions can be invoked in order to simplify this analytic treat-
ment, isolate individual combustion-physical processes, and reduce computational complex-
ity. Common assumptions include:

e Isothermal combustion: useful for idealized DNS, analytical studies, and asymp-
totic investigations
— p = constant; enables consideration of Reynolds-averaging; neglect of dilata-
tional effects
— Constant transport properties
— Reaction is passive and has no feedback on the hydrodynamic flowfield; used
for instability theory
— Transition analysis
e One-step chemistry: vF + O — (1 + v)P, simplifies analysis by reducing chemical
complexity
o Calorically perfect gas: ¢, = constant, simplifies transport
e Equal, but temperature-dependent heat capacity (thermally perfect): ¢p o = ¢p =

F(T)
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e Equal species and thermal transport (i.e. diffusion):
A
ar = ag — Leq = =y (2.81)
PCpa Ol
e Constant pressure (isobaric): p = constant; good approximation for low-Mach
number deflagrations and diffusion flames ; Not valid for high-speed combustion

or detonation




CHAPTER 3

Mathematical Analysis of Simple Flames

We will now proceed to apply the equations and formulation presented above to a
coaxial jet flame. We will use this setting to review key equations and simplifications while
also introducing important non-dimensionalizations.

3.1. Non-dimensionalization

To obtain a fundamental understanding of physical processes via mathematical models,
it is convenient to non-dimensionalize the modeling equations. Non-dimensionalization
tends to reveal the significance of related processes and timescales, identify the importance
of individual terms in the overall solution, and enable self-similarity analysis. The process
of non-dimensionalization often entails introducing appropriate reference quantities. To
illustrate this, we consider a simple canonical problem of a jet diffusion flame [48]. In this
situation, the combustion chemistry can be modeled by a global one-step reaction:

VLF + 50 Sup. (3.11)
Oxidizer ——
77777777777 Stoichiometric Flame
—— Surface
Fuel —- -7 - "= === = — = — — — — — — — —
—_—
ST SNRSSNNN

FI1GURE 3.11 Diagram of a jet diffusion flame with diameter Dy.

We can define reference quantities with respect to bulk properties and quantities of the
jet such as the jet nozzle diameter Dy, the bulk jet exit velocity wug, and properties of the

27
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jet fluid such as viscosity v, thermal diffusivity o, heat capacity ¢pJ, and density pg. To
simplify our analysis, we can introduce the following simplifying assumptions:

e Low-speed combustion: compressibility effects are negligible and convective scal-
ing is employed

e Equal species diffusivity: a, = a; unity Lewis number approximation

e Fick’s law (via equal species diffusivity): Y,V, = —aVY, — see [50] for more
details

e Constant and equal heat capacity: ¢, o = cp; calorically perfect gas

o Ideal gas: Eq. (2.11) applies

e Pressure decomposition: in low Mach number flows, we can decompose the pres-
sure, we can introduce the Mach number M = u/c (with ¢ the speed of sound) as
the relevant parameter for an acoustic scaling. We can then expand the pressure
using perturbation analysis as,

p = po + Mgps + O(My), (3.12)

where pg is the thermodynamic pressure, which affects the equation of state, and
po is the hydrodynamic pressure, which affects the momentum equation.

With these assumptions, we can utilize the formulation of Sec. 2.5 to model the system,

Mass: O+ V - (pu) = (3.13a)
Momentum: 9;(pu) +V - (pu @ u) = prg +V.-ao+pg (3.13b)
Fuel: 0¢(pYr) +V - (puYr) = =V - (paVYr) + Wrrrpw (3.13¢c)
Oxidizer: 0¢(pYo) +V - (puYo) = =V - (paVYo) + Wouow (3.13d)

Y; Yo\
where, w = Aexp{ } ('0 F) <p0> , (3.13e)

Wo
A

Energy: 0i(pT)+ V- (puT) =V - <CVT> g Vu+gr + — (8tpo +u-Vpo),

P P p
(3.13f)
jr=—— Z haWavaw (3.13g)

where h, combines the chemical and sensible enthalpies of species . We now introduce
the following nondimensional quantities:

. _ tug. . _ _p . _ _ «a
xT ﬁ tT_DL§7 uT Uo’ pT—w7 pT—pT), O[T o%)
P — Woih=We. st= Do 5 pt=_T _ T = _—h

l/() ) o w = PoVouUQ = T},*Tu AT’ - Cp,]TB
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o,7 = %Sat; Vi=DyV; Y, = 3{,—‘;; Yo =1; ¢, : gravitational direction;
Ze:g—ﬁ; Ce:L’iTu; TAZ%

With these definitions, we can rewrite the exponent in Arrhenius form as,

E T, T
— f,?b (3.14)
= Ze <CelTT> (3.15)
— Ze (1 ;S;TTT + 1) (3.16)
= Ze+ % (1_TCJ;6TT> (3.17)
.'.exp{—g’%} = exp{—Ze} exp{—gz <1_TC]:6TT)}, (3.18)
With this expression, we can rewrite the non-dimensional chemical source term as,
wh = %, (3.19)

where v is a reference net stoichiometric coefficient and W' is a reference molecular weight.
Similarly, the non-dimensional conservation equations become,

Mass : 9] pf + VT (pful) =0 (3.110)
1 1
Momentum : 8] (ptul) + V- (plul @ ul) = —Vipl + ﬁvT ol + F—rpfég (3.111)
Le Ec1
Energy : 9] (p!Th) + V. (plufTh) = =¥t ( ol VTTT) + — ol : Vil
gy : 9y (p'T") (P'u'Th) = oo plag Re f =

(3.112)

1< 1
+ Da— Z hIWiviw! + EC—T(dTpJr +ul - Viph

P a=1 Cp

We can also introduce the Damkdhler number,

Da = = =

TFlow Characteristic Flow Time Scale Dy [ W, 00 votve
= = — Y
TChem Chemical Time Scale Uo 0
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such that the species conservation equations take the form:
1

Al (Yo + V- (plulve’) = mvT (pT VYT + Dawivw' (3.113a)
1
Al (pMyeh) + VT (plufvel) = mVT (ptatViYeh) + DaWiviw
Ze (1—CeTt\) [ptyd] " [pivd]™
with, w’ :exp{—< )} F O 3.113b
Ce Tt W}i Wg ( )

3.2. Non-dimensional Parameters

The non-dimensionalization procedure developed in Sec. 3.1 yields several key parame-
ters that are important in understanding the relative effects of different physical phenomena:

uoDo _ Inertial Forces

Reynolds Number: Re =

) Viscous Forces
VS Viscous Forces

Schmidt Number: Sc =

o Diffusive Forces

Ao _ Thermal Diffusion
CpJ PO ~ Species Diffusion

Lewis Number: Le =

C tive Ti
Damkéhler Number: Dg = —flew — ZOIVECHVe 2 1me

Tohem  Chemical Time

T, E Activation T t
Zeldovich Number: Ze = 4 _ 2CVAnon “emperaiiie

f, - RT,  Flame Temperature
Ty —T, Temperature Increase

Heat Release Parameter: Ce =
Ty Flame Temperature
2 .
U, Inertial Force
Froude Number: Fr = —% = —

gDy Gravitational Force

1 D, Gravitational F
Richardson Number: Ri = — = g 20 — e a'lona oree
Fr u Inertial Force
ug Kinetic Energy

Eckhart Number: Ec = =
ckhart Number: Ec AT Sensible Enthalpy

Comparing terms obtained from convective and acoustic analysis, we find that for low-
Mach flows, we can write the momentum equation as,

1 1,
A (phuh) + V- (plul @ ul) = ~VIpl + -V gl + - pley, (3.21)
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where the Vfp' term is the hydrodynamic pressure. The non-dimensional form of the
species equations becomes,

1

6Z(PTYaT) +Vh. (PTQTY(XT) = @VT ’ (PTOKTVTYaT) + DaWaTVLwTa (3.22)

and the temperature equation can be expressed as,

Le

AT + V- (pulTT) = -

1
Vi (pfa}vTTT) AR AITES (3.23)
P

1 & 1Ty 11
Da— Wit 20 = o oipt T.VTT’
CLC;O; « ozyozwa+ 'Y Tb CeC;,‘;( tp +Q p)

where the term 7771%& is O(1) and we used the relation,

4 _ @ nn
vepg AT ’Y(ﬁROTO) T, AT

(3.24)

with Ty = T, the unburned gas temperature.

3.2.1. Reminders on Compressibility and Low-Mach Number Formulation. The
non-dimensionalization presented in Sec. 3.2 allows us to identify key terms that can be ne-
glected, simplifying analysis in various contexts. From convective scaling analysis, we found
that the non-dimensional quantities F'r, Re, Sc, Da, and Ec become relevant parameters.
Based on their magnitude and relative scaling, we can neglect their contribution. Alterna-
tively, we could introduce an acoustic/compressible scaling by which we scale pressure by
a reference pressure such that

pl=—, (3.25)

where pg is the characteristic pressure and ug is a characteristic velocity scale. Recognizing
that py = poc%/'y and that the jet exit Mach number is My = wug/co, we can write the
non-dimensional form of the momentum equation as,

11

toott t o (otot o) —
O (p'u") + VT (p'u' @u') NV

1 1
Vipt + EvT ol + F—rpfél. (3.26)
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Thus, in the limit of a low-Mach number flow, we can write the governing equations in the
following (dimensional) form using the low Mach number pressure expansion of Eq. (3.12),

Op+V-(pu)=0 (3.27a)
O(pu) + V- (pu@u) = —=Vps + Va + pgéy (3.27b)
O (pYa) + V- (puYy,) =V - (paVY,) + Wavaw (3.27¢)

N
1 & 1
(pT)+ V- (puT) =V - (parAT) + . Z hoWavaw + ;(atp() +u-Vpo), (3.27d)
P n=1 14
along with the equation of state pg = pRT. For incompressible flows, we therefore decouple
hydrodynamic and acoustic pressure, so that the density is independent of pressure per-
turbations. This can be illustrated by expanding the density around the thermodynamic
pressure,
dp
P(p0+5p»3»Z) %P(poa&X)‘f' 87 (Spa (328)
P)sy

with (9p/dp|, = 0). Recognizing that ¢ = (dp/dp|, ), we find that thee pressure pertur-
bation will propagate with infinite sound speed such that ¢ — oo in the low-Mach limit.

3.3. Mixture-Fraction and Coupling Function

Here we extend our discussion of mixture fraction that we introduce in Sec. 2.3. For
diffusion flames it is convenient to characterize the local mixing, which is a conserved scalar
(but not a passive one). There are several main advantages to this approach. First, the
conserved scalar provides a convenient representation of the local mixing. Secondly, it
enables the representation of reaction chemistry in terms of a reduced set of scalars — that
is, Y, T,w,...) = f(Z). A specific example would be the Burke-Schumann solution (the
thin flame sheet approximation).

The mixture fraction can be introduced by first defining a coupling function(a non-
normalized mixture fraction), which is most easily accomplished if we consider the one-step
chemistry,

vpF + 150 — P (3.31)

with unity Lewis number, meaning that thermal and species are characterized by equal
diffusivities. We can now define a general transport operator £ such that,

L(Y) = pdY +pu- VY =V - (paVY), (3.32)
which allows us to write the species transport equations as,

E(YF) = VVFUF’LU7 (333)
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ﬁ(Yo) = Wol/ow. (334)

Linearly combining these equations allows us to eliminate the right-hand side, leaving us
with,

WQZ/O
L(Yr)—L(Yo)=0 3.35
T £(Yi) — £(Yo) (3.35)
Since the operator is linear, we can write the coupling function as,

where v is defined as in Eq. (2.24). From this, a normalized coupling function describing
the mixture fraction is derived:

§—¢o
&r —&o’
By relating density, species, temperatures, and other quantities to the mixture fraction, we
can reduce our problem to solving the following equations:

Z= (3.37)

pDiu = —Vp+V-a+pg (3.38)
pDZ = V-(paV2Z) (3.39)

where the last expression is obtained from the Burke-Schumann solution. This definition of
the mixture fraction is strictly valid only for one-step chemistry. The important question
then becomes: how can we derive a mixture fraction for a general problem that contains
both preferential diffusion and multiple species? Fortunately, a more general definition can
be obtained by recognizing conservation of elements. We first define the elemental mass
fraction of element § (e.g. C, 0, H, etc.) as,

W,
Z” .0 'GY, (3.310)

with n, g the number of atoms of element B in species a, Wg the molecular weight of
element 3, W, the molecular weight of species «, and Y, the mass fraction of species .
As an example, we can compute yc and yo for a CO-CO3-Os mixture as,

We We
= Y 3.311
ve WecoYco * Wco, c0s ( )
Wo 2Wo 2Wo
= Y —Y —Yo.. 3.312
Yo Weo co + Weo. co, + Wo, 05 ( )

By introducing,
y = Ccyc + Coyo + Cuym, (3.313)
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with the weights (; added to get compositional balance, we obtain,

Y — Yo 2 1 1
Y= YC+ G YH —

Z = : 1
YF — Yo Wea 2Wy Wo

Yo (3.314)

As a final remark, it is important to remember that for spray flames, we can identify
a mixture fraction that is associated with the gaseous and liquid phases, as detailed in
Discussion Box 2.

3.4. Self-Similarity and Structure of Laminar Flames

In preparation for transition and turbulent flame analysis, it is convenient to revisit
the similarity structures of flames. For this analysis, we consider a jet diffusion flame and
utilize the mixture fraction concept. A similar presentation can be found in [38], and a
diagram of the system can be found in Fig. 3.41

ro
Oxidizer | .=
-~ Potential Core
Fuel e Tl
T Centerline
T ~

FI1GURE 3.41 Coordinate system for the self-similar jet diffusion flame.
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We begin with the governing equations developed previously,

Dip=—pV-u (3.41a)
pDiu=—-Vp+V-g, (3.41b)
pDZ =V - (paVZ), (3.41c)

(o) = £(2), (3.414)

where the last expression means that all thermodynamics information depends explicitly
on the mixture fraction. The following key assumptions are important:

Equal and constant viscous-diffusive properties (o, = @ — Sc = 1)
No gravitational effects: F'r — oo

Steady-state

Surrounding air is at rest

v constant

Pressure in the flow is uniform

Neglect mass diffusion and viscous effects in the axial direction

Using the non-dimensionalization introduced in Sec. 3.1, the steady-state governing equa-
tions in non-dimensional polar form become,

0 10

%(PU) + ;E(PW) =0, (3.42)
0 10 1190 ou
gz P+ S leur) = po sy (”m) : (3:43)
0 10 1 10 0z
9z PO L5 I = Rosear (Pa) : (8.44)

Note that Eq. (3.42) is not technically needed because pressure is assumed to be constant.
Appropriate boundary conditions can be stated as,

ou 07
= M _— = N = M _— = .4
r=20 o 0; v=0; o 0 (3.45)
r—oo: u=0 v=0 Z=0 (3.46)
We can now rewrite the governing equations as,
0 0
inuity: — — = 4
Continuity 5 (pur) + o (pur) 0, (3.47)
0 0 1 0 0
Axial M : — —u = — — 4
xial Momentum: pur e + por 5t T Br (pr o u) , (3.48)

. . 0 0 1 0 9]
Mixture Fraction: pur%Z + pm‘aZ = ReScor (praTZ) ; (3.49)
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We can also introduce the Howarth transformation, which will re-parameterize system vari-
ables in a manner that simplifies mathematical analysis. Using the definitions,

£ = =, (3.410)
r 1/2

ro= "dr A4

7 <2/0 pr r) , (3.411)

n = T(g—r) (3.412)

where 7 is the spreading ratio. Applying this transformation allows for deriving self-similar
equations for axial velocity and mixture fraction that admit an analytic solution. Deriving
this set of equations is left as homework.




CHAPTER 4

Transition and Turbulence

4.1. Scaling and Nondimensionalization

Turbulent flows require consideration of interaction between different spatio-temporal
scales. Indeed, turbulence is controlled by inertial effects such as non-linear convective
processes. The key relevant parameter in defining turbulence and its associated transition
is the Reynolds number, Re, defined in Sec. 3.2. Let us now consider both non-reacting and
reacting turbulent jets, as shown in Fig. 4.11. From turbulence theory and self-similarity
analysis, we know that jet momentum is conserved in the high-Re limit by integration of
Eq. (3.111) assuming constant pressure and Fr — oo,

Oz (puguz) = 0 — pu2 A(x) = pudAg. (4.11)
Further, we can define a local jet Reynolds number as,
UgzT1/2
R = 4.12
€1/2 S ( )

with 715 the jet half width, u, the centerline velocity, and v the local kinematic viscosity.
From the self-similarity analysis of Sec. 3.4, we know that,

o B
T €T 1
B (DO) n/2 (D0> “~5 (4.13)

where for a non-reacting jet, the local Reynolds number remains constant (with v constant).
In the case of a reacting jet, the effects of temperature variation on viscosity through

Eq. (2.63),
T m
vV~ 1) (%) s (414)

where the value of m = 5/2 is from the Sutherland approximation. Excellent work on this
subject was performed by [46].

Now, assuming similar scaling for the velocity and jet radius, we can observe that the
reacting jet introduces a dependence of the local Reynolds number on temperature and the
potential for relaminarization, as shown in Fig. 4.12,

37
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« B’
T T

UxrT1/2 T m T m
Ret)y = Vo/ <To) = Reyo <To> (4.16)

A Reacting Jet, a, m = const

Dilatation .
Reacting Jet, a,m = f(T)

Buoyancy Effect

> T

F1GURE 4.12 Differences in behavior of local jet Reynolds number for
reacting and nonreacting turbulent jets.

4.2. Transition of Laminar Jet Flames

As shown in Fig. 4.21, a variety of different mechanisms contribute to the transition to
turbulence — viscosity, heat release, and dilatation all play important roles. The effects of
heat release in particular are detailed in Discussion Box 7.
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Dilatation
Reaction Chemistry / Mean Flow
& Heat Release Transition
Turbulence

Viscous-Diffusive
Transport

FIGURE 4.21 Mechanisms for transition to turbulence.

The transition of laminar jet flames in particular can be studied using classical linear
stability theory [57]. In general, transition is controlled by two key quantities: a Kelvin-
Helmholtz mode that dominates the inviscid shear layer and a buoyancy-driven instability
mode. To study the instability mode, one can develop a set of temporal and spatial insta-
bility analyses by decomposing a solution vector as,

¢ = (pu,T,p)" (4.21)
with u = (u,v,w) and mean and fluctuating quantities,

ola,t) = o) +¢'(z,1) (4.22)

Neglecting viscous effects and heat-release, one can write,
' +V - (pu' +p'w) =0 (4.23a)
O (pu') + 0 (P W) + V- (pueu+pueu) =-Vp' + V- o +gp'é¢y (4.23b)
o(pT") + 0 (p'T) + V - (p'ul + pu'T + pul’) = (4.23¢)

N

D' =V g+ :Vu+3:Vu' +p' ) Yaga Va,
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where a planar wave approximation can be used to represent any of the fluctuating
quantities,

¢ = o(r) exp{—i(wt — mb — ax)}, (4.24)

in terms of a temporal fluctuation frequency w, an axial wavenumber «, and an azimuthal
mode number m. In this model instabilities are governed by linear growth rates, and the
system represented by Eq. (4.23a) - Eq. (4.23c) is converted to a set of ODEs that can
be solved using a shooting method. To investigate spatial instabilities, we would prescribe
w € R and solve for a@ € C to obtain a plot such as that shown in Sec. 4.2. To investigate
temporal instabilities, we would do the reverse: prescribe a € R and solve for w € C.

—y

FIGURE 4.22 Growth rate plot for spatial instability analysis.
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4.3. Turbulence

4.3.1. Statistical Analysis. Turbulent flows involve a wide rage of spatio-temporal scales
and random motion. To describe turbulence, we therefore follow the usual statistical ap-
proach wherein we consider a scalar flow field variable ((z,t),

¢={u;,T.Y..}. (4.31)
We can introduce a Reynolds-decomposition:
p=0+¢, (4.32)

where ¢ is an averaged field and ¢’ is a fluctuating field quantity. In general, both ¢ and ¢’ =
¢" are generally functions of both space and time. We can distinguish between statistically
stationary, spatially homogeneous, and statistically periodic as in Fig. 4.31. Statistically
stationary variables have a consistent integrated average in time, spatially homogeneous
variables have a consistent integrated average in space, and statistically periodic variables
are expected to take the same average value at time intervals of a specified period T'.

A more general (and equal) representation for the mean quantity is obtained by intro-
ducing a statistical approach. For this, we consider a Probability Density Function (PDF)
of ¢, where x and t denote spatio-temporal dependence,

Pe(z, t). (4.33)
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Statistically Stationary Spatially Homogeneous
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T

FI1GURE 4.31 Demonstrations of statistical stationarity

The cumulative distribution function can also be defined such that,

¢
F(O) = / P(¢C, (4.34)

— 00

where it immediately follows that P(¢) = dF(¢)/d¢. This is illustrated graphically in
Fig. 4.32.
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This PDF has several additional properties — note that we use & and ( as below as
scalar sample space variables:

e P(p) >0

Jooe P(9)do

Pla < ¢ <b) = [, P(¢)ds
e Joint PDF: P(¢,()

e Marginal PDF:

P(©) = [ Pe.0yic (4.35)
P(o) = [ Ple.oyie (4.36)

e From Bayes’ theorem, we can derive a conditional PDF P(¢|¢) = %

Importantly, the moments of a distribution can be expressed in terms of traditional
terminology as,

Mean : E[€] = (¢) = / £P(€)de, (4.37)
Variance: Varlg] = (¢?) = / (€ — (£)*P(e)de, (4.38)
' Moments (¢") = [ (€~ (€)" PO (4.39)

with n = 3 defining the skewness (“degree of asymmetry”) and n = 4 the kurtosis (“peaked-
ness”).

Later, we will consider a mixture-fraction model for non-premixed flames and condi-
tional moment closures (CMC). This model relies on conditional PDFs such as P(Y|Z),
P(T|Z), and P(C|Z).

Furthermore, many combustion models such as flamelet models or models for premixed
combustion utilize presumed PDF approaches to model the statistical distribution of scalar
variables.

As an example of a joint PDF, we can consider a deterministic adiabatic flame tem-
perature problem. Here, we can generalize this analysis to a case wherein we know the
functional relation between two scalars. To illustrate the idea of joint, conditional, and
marginal PDFs, let us assume that we have two random variables z and y such that,

€ [-1,1] (4.310)
[0,1] (4.311)
y = 1—2?% (4.312)

m
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P(¢) F(¢)

Pd¢: probability of event occurrence

1—+

¢
FIGURE 4.32 Ilustration of PDF and CDF

The joint PDF is then given as,

P(e,y) = 36(7),

(4.313)

with f =y — 1+ 22, where § is the delta function and the coefficient 1/2 is introduced such

that,

// P(z,y)dzdy = 1.

The marginal PDF for z can then be found as,

< —1
—1<z<1,
1<z

H(zx+1)—H(z-1)] =

N =

Pa) = [ Pl.yy -

O = O

where H is the Heaviside function. Similarly,

P = [ Plage =1
y) = z,y)dr = = .
—1 24/1— Y
With this we can evaluate the conditional PDF as,
P({E, y) 2
P = =0y—1 .
(ylz) P() (y—1+27)

In graphical form, we can illustrate the different PDFs as shown in Fig. 4.33:

(4.314)

(4.315)

(4.316)

(4.317)
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P(z,
) (Ix Y) ”
11 W - = =
I N |
oy —1+2*?) | :
: |
P(yla*)< A : o P(y)
1/2
P(aj)\ Y

FiGURE 4.33 Illustration of conditional, marginal, and joint PDFs for
P(z,y) =d(y — 1 +2?)

Recall from distribution analysis:

0
/5(y—a)dy=H(y—a) ={ y=a (4.318)
1 y>a
with a = (1 — 22) we have for indefinite integration:
[ oty = =By = Hly - (1= 2. (4.319)

By considering the bounds on y (y € [0,1]), we can find constraints on z such that
y — (1 —2?) =0 for y € [0,1]. This condition is always fulfilled for,

y>(1—-2?) —1<z<l, (4.320)

with this we can rewrite,
Hiy— (1-2%)] = Hy—(1—-2)(1+z) (4.321)
= %[H(l —z) + H(1 + )], (4.322)

or, in functional form,
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r<l1
—1<z<1. (4.323)
r>1

P(z) =

O = O

4.3.1.1. Common Probability Density Functions. Examples of distributions that are
commonly used for representation of turbulence-chemistry interaction in reacting flow situ-
ation can be characterized by knowledge of a few moments and the conditions under which
turbulence-chemistry interaction occurs. These include the following:

e Dirac Distribution:

P(¢) = ad(¢p—¢7) + (1 —a)i(d— o), (4.324)

For premixed combustion, ¢ — T, ¢~ — Ty, ¢T — Ty,
e Gaussian PDF:

T 27102 202

Plg) = — eXp{—W}, (4.325)

with o the standard deviation and ¢ the mean value of ¢. Some quantities that
can take Gaussian PDFs include the velocity.

e Beta PDF:

P(¢) = mcﬁ“‘l(bb‘l, ¢ €0,1], (4.326)
with a = ¢y, b = (1 — @)y, 7 = % — 1, and the gamma-function I'(§) =
Jo7 t57 e~ !dt. Note that for mixture fraction, ( = Z, and for the progress variable,

° ic:;—i‘(')rmal PDF:
P(¢) = (zml/g exp {W} , ¢>0, (4.327)

e Statistically Most Likely PDF:
Consider the functional S,

e (PO
s(pen == [ Pl (Q( ¢))d¢, (4.328)

formally defined as the Kullback — Leibler divergence from distribution @ to
distribution P. In this context, note that () represents a priori PDF that can be
used to bias the composition state. Minimizing S over all possible P(¢) provides
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an analytic expression for the so-called statistically most likely distribution that
minimizes the entropy,

N
Pn(¢) = Q(¢)exp{ > a;¢ ¢, (4.329)
7=0

where the N-dimensional parameter vector a can be determined by constraining
the Kullback-Leibler divergence. Conservation of moments can be generally ex-

pressed as,
/ P(¢)ndp = 1 (4.330)
[oPovas = 3 (4.331)
/(¢—$)jPN(¢)d¢ = ¢, j=2..N. (4.332)

Note that S — 0 implies ¢’2 — 0, and conversely S — oo implies ¢'2 — oo.

4.3.2. Averaging Procedures.
4.3.2.1. Reynolds Averaging. For flows with constant density (isothermal systems), we
commonly employ a Reynolds-averaging procedure:

b=6+¢ 20=% =0
pp = (6 +p")(o+¢)
=po + p¢’ with p =0, p= const
2V (pu) = V- (pu)
4.3.2.2. Favre Averaging. However, the application of the Reynolds-averaging to vari-

able density flows introduced additional unclosed terms that require modelling. This can
be shown by:

pp = po+pd +p'o+p'¢ (4.337)
L Op+V-(pm) = 0p+V-(pu+pu) =0, (4.338)

in which the density-velocity correlation p’u’ appears as an unclosed term that requires
modelling. To avoid density correlations, we therefore introduce the Favre Averaging (mass



48 4. TRANSITION AND TURBULENCE
averaging):
o = o+¢" (4.339)

Definition: p¢ = pop — ¢ =""; ¢’ =0. (4.340)

>3]
8

We can prove this last statement in the following way:

¢ = 0 (4.341)

g = P9 _po P (4.342)

p PP

Thus, we can reach the important conclusion that,

85+ V- (pm) — V - (p2) = 0. (4.343)

Note that Favre-averaging can be performed in volumetric or temporal senses by ex-
tending the averaging procedures:

¢ = é% / / /V podV (4.344)

. 1 1 t+T

¢ = T35 /t ppdt (4.345)
~ 1

P = - [ ori@iao. (4.346)

4.3.3. Filtering. While Reynolds-Averaged-Navier-Stokes (RANS) methods and one-point
closures typically consider a statistical approach, Large-Eddy Simulation (LES) introduces
a time-resolved formulation in which the largest turbulent scales are resolved in space and
time while only the effects of the smallest scales are modeled. LES can be considered as
a low-pass filter of the instantaneous solution, where filtered quantities are obtained by
applying the following procedure:

ety = [T ¢z — 2 )Gz A)da!
Reymnolds Filter: {¢' ()0 ) — B t) (4.347)
Favre Filter: 9(z,t) = % EOOO p~(£ ~ L. gle - £, )G A)de! (4.348)
¢” (la t)¢(£7 t) - ¢(£a t)
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More generally, by introducing a space-time filter, we can write,

+oo
o(z,t) = // oz —z' t — )G ¥, Ay, Ar)dzdt. (4.349)

Typical filter operators include the following — it is often advantageous to convert to
a Fourier representation to understand the spectral properties of these filters — Fig. 4.34
explicitly illustrates the profile of these functions in spectral space.

e Top-Hat Filter:

Glz—a)=%if (z—2') <A/L (4.350)
G(k) = sinc(kA/2) ’
e Gaussian Filter:
1/2 I*fL’/ 2
{G(x ) =gk exp{— 5] (4.351)
G(r) = exp{— &}
e Sharp Spectral Cut-off:
Gz —2') = 7Sin,{(zaf;/w)/)); ko =%}
~ 1if 4.352
G(lﬂ:) _ 1Kk <Kkg ( )
0 else

4.3.4. Correlations, Energy Spectrum, and Turbulent Scales. Turbulence is char-
acterized by coherent spatio-temporal scales. To characterize coherent structures in the
case of Homogeneous Isotropic Turbulence (HIT) with no density variation, we can define
several important metrics. The two-point correlation function, for instance, is defined as,

Ryy(&,t) = (¢ (z, )¢ (z + &, 1)), (4.353)

where (-) is the averaging operator over the homogeneous direction. We can also consider
the longitudinal velocity correlation coefficient,

(uf (z, t)uf (z + Eny, 1))

{uyuy)

f(&t) = %Rn(fﬁl,t) = : (4.354)

and the transverse velocity correlation coefficient,

_3 o (b t)uy(z + €Ry,t))a
9(&t) = 5 R (8 ) = T : (4.355)
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Spectral Filters, A =2, =1
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F1GURE 4.34 Filter profiles in spectral space.

Note that the correlation coefficient is simply the normalized correlation function:

(W' (2, )" (z + &Ry, t))a
\/W}'2 (z,0)) (W"2(z + Eny, t)> (4.356)

foo =

Let us now consider spatial scales that can be derived from the velocity correlation
coefficient (i.e. the longitudinal autocorrelation):

Rij(r,t) = (ui(z, thuj (2 + Ry, ))a- (4.357)
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FIGURE 4.35 Two-point correlation coefficients in axial direction (dashed
line) and along the stoichiometric surface (solid lines) for different quanti-

ties.

With this, the integral scales defining larger eddies in the flow can be evaluated by inte-
grating the longitudinal and transverse autocorrelations from Eq. (4.354) and Eq. (4.355):

Luy(t) = /0 " fe e
Loa(t) = / g nde.

(4.358)

(4.359)

The Taylor microscale is between the integral scale and the Kolmogorov scale (L)A)n),

but does not have a clear physical interpretation,

By introducing these scales, we can define the following relations:

(4.360)

(4.361)
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FIGURE 4.36 Spatial evolution of integral length scales in axial direction
(dotted lines with circles) and along the stoichiometric surface (solid lines
with symbols). The solid and dotted lines correspond to the regression
lines.
] | Integral Scale | Taylor Scale | Kolmogorov Scale |
L3/2 k 1/2 3\ 1/4
Length L, =% Ag = (10%2) n=(%
. 1/2 1/2
Time Tu — % ™= (15%)1//2 Tn = (%) /
Velocity Uy = k'/? uy = (3k) u, = (ev)/*
Turbulent Reynolds Number Rep, = g Rey = “jg Re, =1

TABLE 4.31 Turbulent scales.

e Turbulent Kinetic Energy: k = fulu] = %ZZUTQ

e Turbulent Dissipation Rate: € = voyu,dyu; = 2v.5;;5;;

For the description of turbulent flows, we can introduce the following scales:
Other important relations include,



4.3. TURBULENCE 53
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FiGURE 4.37 Comparison of computational results and experimental
data for hydroxyl radical correlation (a) two-point correlation coefficient
and (b) integral length scale. The dotted line in (a) shows the location
where (2) = Zg.
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FI1GURE 4.38 Change in correlation with separation distance.

e Ratio of Transverse Taylor Microscale to Turbulence Integral Scale: 2—13\/ 10Re£1/ 2

e Ratio of Kolmogorov and Turbulent Integral Scales: Liu = Rezg/ 4
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e Taylor Scale Reynolds Number: Rey = “22 = (%/{:)1/2 2 = (%ReL)l/2

Integral time scales are evaluated in analogy using auto-correlation function:
wl(z, t)u'(z,t +
b o) wao)

{ujuf)

T = /oop(t)dt. (4.363)
0

4.3.5. Turbulence Energy Spectrum. For homogeneous turbulence, we can introduce
the velocity spectrum tensor @, which is related to the Fourier transformation of the two-
point autocorrelation function.

2, (5 t) = (2%)3 ///jo Rij(&,t) exp{—ir - £}dE (4.364a)
Rij(&,t) = // Gij(s,t)exp {—£- £} dr (4.364b)

Using this result, Reynolds stresses are obtained for £ — 0 as,

R;;(0,t) = (wju;) = ///_O; (K, t)dk. (4.365)

Additionally, the definition of the turbulent kinetic energy spectrum can be useful in mod-
eling and analysis of turbulence,

Bwn=3 [f] Z D15, )3 (5 — |l s (4.366)

For isotropic turbulence, the velocity spectrum tensor is related to the turbulent energy
spectrum:

_ Bu(k,t) Rikj
2, (5,t) = Ar? <5ij —z ) (4.367)
The turbulent kinetic energy is thus,
e 1
k(t)= [ Eu(k,t)ds = S (ujuj). (4.368)

0 2
and the turbulent energy dissipation is,

e(t) =2v /0ij B, (k, t)k*dk. (4.369)
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FIGURE 4.39 Turbulence energy spectrum.

4.3.6. Model Velocity Spectrum. It is convenient to model the turbulence energy spec-
trum of several key reasons:

To provide initial conditions for DNS

Closure for turbulence model (e.g. rapid distortion theory)
Estimate energy at smallest scales

e Comparison with experiments

Example of model spectra include:

e Pao Spectrum:

E(k) = ae®/3k7%/3 exp <32a51/3) (4.370)
e Von Karman Spectrum:
L4K}4
_ ..2/375/3
E(rk) = ae?/3L5/ Ew e (4.371)
e Pope:
18
—Koe?/3k0/3 (4.372)

95
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e Passot-Pouquet Spectrum:

—z 4 2
E(k) = 16u \/2 (£> exp {—2 <i> } (4.373)
Ke T \ Ke Ke
with o' = \/2k/3, k. = 27/ L,

The general form of the spectrum can be written as:
Ey (k) = C3573 fr.(kLy) fy (km), (4.374)

where f7, and f, are cutoff functions, fr ~ k7, f, = exp{—(kn)*}, a ~ 4, and v = 2.. 4.

4.4. Description of Scalar Turbulent Mixing and Scales of Scalar Mixing

4.4.1. Phenomenological Description. Here we will only focus on conserved scalars. A
conserved scalar refers to a quantity that is neither consumed nor produced, and therefore
does not contain a source term in its transport equation. In contrast, a passive scalar is
a scalar that does not affect the flow field. For the case of constant density, a conserved
scalar is identical to a passive scalar.

Dy = aV?¢, (4.41)
or

_ 1 2
D= 7=V (4.42)

where S¢ = v/a is the Schmidt number describing the ratio of kinematic viscosity to
molecular species diffusivity. To describe scalar mixing, we can introduce two scales:
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(1) Scalar Integral Scale:
In analogy to the inertial velocity scale L,, defined in Tab. 4.31, this scalar integral
scale. Ly, characterizes the largest structures in a scalar field. The evolution of
Ly is determined by the combination of initial conditions and turbulent mixing.
This length scale is defined as,

Ly = /0 fo(&:1)dE, (4.43)
with,
gy = (¢'(z, t><l>’¢()i+£ég,t)>' (4.44)

Remembering that L, = k%2/e and Ly = (a/x4)"/? with x4 = 2a|V¢|?, it is
important to realize that models for scalar mixing must reproduce the interaction
between L, and L.
(2) Batchelor Scale:

The Batchelor scale A\g characterizes the smallest scalar eddies where molecular
diffusion is balanced by turbulent mixing,

Ap = 1 (4.45)

B \/@77) *

This expression which is obtained by recognizing,

2
v n°/m
Sc=—~ , (4.46)
o /\2B/T¢

and setting the timescales 7, and 74 equal. Note that for gaseous combustion,
Sc ~ 1, while Se ~ 1000 for liquids [18].

Se~1 Se>>1

f AB~1) @«n

7 ;_

FIGURE 4.41 Effect of Schmidt number on Batchelor scale.

-

3
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A few observations are now in order. First, while Sc¢ ~ 1 in gas-phase flows, in the
liquid phase Sc¢ > 1 in general, as the scalar field contains fine-scale structures at scales
smaller than the velocity field. Further, from a physical standpoint, when [4 > Ap, molec-
ular diffusion is negligible and an initially non-premixed field will remain segregated. The
important implication here is that for turbulent reacting flows, the chemical source term
will be coupled to turbulent mixing. At high Reynolds numbers in particular, the small
scales of the scalar fields are isotropic, and evolve on timescales that are short compared
to the large scales. Indeed, the characteristic timescales for mixing when {4 > Ap are fully
determined by the turbulent flow.

As a result, as S¢ — 0o, Eq. (4.41) reduces to the equation,

O¢+u-Vo=0, (4.47)

as turbulence only changes the length-scale distribution (or the scalar energy spectrum).
With « # 0, we have slow mixing, and stratified ligaments or lamella structures can form,
as schematically illustrated in Fig. 4.41.

a#0

a—0
_]Ltb ’/‘

Turbulence Only Strains and
Deforms *Scalar Field

- P— -

¢
Compression and
Vortex Stretching

FIGURE 4.42 Scalar Mixing in the Limit of @« — 0 and « # 0.

We can now estimate the scalar mixing rate v from the spectral energy transfer,

Ylg) = - (L‘ﬁ)/ H (4.48)

) l¢ S
where 74 is a turbulent mixing time and Ly is the initial scalar length scale. We can
consider large-scale (i.e. integral-scale) mixing in a similar fashion. In this case, Iy = Ly,
T =1, =k/e, and Ly o = L,. Thus, we have,

Y(Ly) = 2 (4.49)
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We can also consider mixing in the inertial range (Kolmogorov mixing), where,

€\1/2
v(n) = (;) = R€1L/2’)/(Lu); ly <m, (4.410)
with 7, = (%)1/ 2, Finally, for the inertial subrange, we have,
1\ 23
n
- (9 (") (4.411b)
v l¢

At high Reynolds numbers, Kolmogorov mixing is much faster than integral scale mixing,
but overall mixing is controlled by integral scale mixing (i.e. integral scale mixing is rate-
limiting). The mixing time ¢,,;, can then be defined as,

l¢(t = 0) = L¢ — l¢(tmm) = )\B. (4.412)
A simple mixing model can then be developed to evaluate .z,
Jlg
— = —(lyp)l 4.413
o = 1)l (4.413)
(4.414)

Denoting tx as the time required for /4 to reduce from Ly to 0, we can use Eq. (4.413) and
Sec. 4.4.1 to write,

3 [ (L)%
3 (Ls\** 3
_2(Ze Y — =T 4.416
2 (Lu ) T 2T77 ( )
At high Reynolds numbers, 7, < 7, meaning that,
3 (Ls\*"*
tk ~ = — “ 4.417
e=3 () (a.417)

In similar fashion, letting ¢p denote the time required for Iy to reduce from n to Ap, we
find that,

tp = %ZTL(SC)’I},, (4.418)
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implying that the overall mixing time can be approximated as,

2/3
3 /L 1
Uiz & 3 <Lj) Tut g In(Sc)r, (4.419)

A few quick observations are now in order. First, the effects of the Schmidt number
are only relevant for S¢ > 1. Second, the scalar-to-velocity-length-scale ratio Ly/L,, is a
key parameter in scalar mixing. Third, for the case that Ly = L,,, the mixing time scale is
directly controlled by the turbulent flow and t,,;, = 7.

The description of scalar mixing can also be represented using a statistical method.
Since the scalar field and the velocity field are directly coupled, it is convenient to introduce
a one-point velocity composition PDF,

Pu ¢>(U7 ¢)
R (4.420)
’ B Pyjg(vl)
with v a random variable and v a sample variable. We can consider the binary mixing
situation, wherein at t = ty. we have,

Py(y) = ad(¥) + (1 —a)d(1 — o). (4.421)

Py

FIGURE 4.43 Binary mixing PDFs.
In this case, the mean is:
1
Mean: (6(2,0)) = [ GPs(w)dw = (6(a.) (1.422)
0

Variance: (¢%(x,t))

AWHWW&MW. (4.423)
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At this point, we can use P, to drive closure models. For this, consider a generic function
S(1). We can compute a statistical moments by integrating over Py,

(S(z,t)) = /S(g)P(z,(g;g, t)dy. (4.424)

This closure model is the foundation of presumed PDF models and topology-based com-
bustion models for modeling turbulence-chemistry interaction.

4.4.2. Scalar Energy Spectrum. Similar to the kinetic energy spectrum of Sec. 4.3.6, we
can introduce a scalar energy spectrum Ey. From the previous analysis, we can anticipate
that Fy4 has a similar structure in the inertial range as Fj and, dependent on Ly and sy,
will behave differently in the energy-containing and dissipative range. A starting point for
understanding this is the definition of a scalar spatial correlation function,

Ry(&,t) = (¢ (2, 1)9' (. — &, 1)), (4.425)

and the scalar spectrum,
Py () = ﬁ / / / Ry(& t)exp {—i€ -k} d (4.426)
/// Dy (s, t) exp {i§ - £} dk. (4.427)
With zero-separation (§ = 0), we obtain the scalar variance,
Ro(0.0) = (6% = [[ [ @t )i, (4.428)
The one-dimensional scalar spectrum is,
Bo(n.t) = [ [ [ @08 - rjas (4.429)

and by introducing a spherical coordinate system, we obtain by transforming,

de = k?sinfdrdadd (4.430)
Ey(r,t) = drk*®y4(k,t). (4.431)

Ry (&)

From this, we can derive some useful definitions within the realm of isotropic turbulence:

e Scalar variance:

(@) () = /O By, t)dr (4.432)
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e Scalar Integral Length Scale:

Ly(t) = 2<;2> /O N Eqb(:’t) dr; (4.433)

e Scalar Dissipation Rate:

X¢ = 204/0 k2 Eydr (4.434)
e Scalar Mixing Time:
2 12
Ty = (0" (4.435)
X

With these definitions, we can introduce a scalar model spectrum. Note that this spectrum
is similar to the kinetic energy spectrum, but there are many and different expressions.
The most common ones are due to Corrsin, Obuknov, and Batchelor et al. The formulation
of E, requires consideration of Schmidt number effects (e.g. for Sc > 1, kg = \/%/1,7).
The inertial subrange is not affected by viscosity and diffusivity, and will be similar for E,
and E,. Further, the scalar energy-containing range will follow the inertial sub-range. At
high Rey, E, will be dominated by the energy-containing and inertial/inertial-convective
sub-ranges. The model scalar energy spectrum can be expressed as,

Ey(k) = Cocxee 2/ *v**(kn)~PE f1 (kLy) f5(kn), (4.436)

where Coc is the Obukhov-Corrsin constant (= 2/3) and 8 is a scaling exponent such that,

5/3 for kn—0
b =15 {1 for kn— oo ( )
and fr,, fg are cutoff functions. Further,

2
B = 142 [T 6fp(n)] fy(sn) (4.438)

1 1
i = talpom, (4.430
fo = (1+CpSc M/ 25n)exp {—CDSc_d(“")/2nn} (4.440)
fB = exp {70d5072d(“")(m])2} , (4.441)

with fp the diffusive-scale cutoff function, fp the Batchelor scale cutoff function, and
Cp = 2.59. The value of ¢4 is dependent on Reynolds and Schmidt numbers for Sc < 1,
but takes a value of 2 for Sc > 1. More information can be found in [22].
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In(Ey)
A

R

1 In(kn)

FIGURE 4.44 Illustration of turbulent scalar spectrum.

By comparing the scalar and turbulence time scale, one can introduce the mechanical-
to-scalar time scale ratio Cy,
Ty

Cy = = (4.442)
s

_ kx 4.443

(o) (4t

with 7, = k/e and 74 = (¢'?)/x4-
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FIGURE 4.45

0 InSe

Effect of Schmidt and Reynolds number on time scale ratio Cy
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CHAPTER 5

Fundamentals of Combustion Modeling

To study turbulent combustion, it is instructive to review the asymptotic flame structure
of two flames:

(1) Premixed Flames: Fuel and air are mixed prior to combustion
(2) Diffusion/Non-premixed Flames: Fuel and oxidizer are separated

5.1. Activation Energy

Combustion is controlled by chemical reactions, which have large activation energy
barriers. Consider, for instance, the exothermic reaction,

A+B—C+D. (5.11)

as diagrammed in Sec. 5.1.

C+D
Reaction Coordinate

FIGURE 5.11 Activation Energy Diagram.

67
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The activation energy F4 is typically much larger than temperature change due to heat

release,
Fa T
—_— = = 5.12
RT, T, (5.12)

where T4 is the activation temperature and T} is the characteristic flame temperature. In
the large activation energy limit, this implies,

T
A Zes 1. (5.13)
Ty
Since the chemical reaction rate is a function of T4 /T,
w= kA% k= ATP exp d —2A (5.14)
L] f p RT s .

this implies that the chemical source term is strongly sensitive to temperature,
TA 8w TA w
~ - — === 1
w exp{ T}HGT (T T (5.15)
By expanding the exponential source term,
T Ty (T
wwexp{;}exp{ﬁ <;+11)} (5.16)

:exp{—?:}exp{—?: <TbTT)} (5.17)
= exp{—Ze} exp{—ZeCe}, (5.18)

where we recall that Ze ~ O(10) and Ce ~ O(1). As a result of the large activation energy
and strong temperature sensitivity of reaction rates, flames are confined to thin regions of
O(10 pm). In the reaction zone, the temperature is sufficiently high and the residence time
is long enough so that there is sufficient time for reactants to converted by the chemical
reaction. Because of similarity with thin boundary layer theory, different analytic methods
have been developed to study flame characteristics in the asymptotic limit:

e Damkdéhler number asymptotics [DNA] (Fendell, Williams), e.g. [21]
e Large activation energy asymptotics [AEA] (Zeldovich, Linndn, Buckmaster &
Williams), e.g. [40]
e Rate-ratio asymptotics [RRA], e.g. [47]
The results of DNA were the basis for flamelet models in turbulent combustion, while AEA

considers single step chemistry and RRA considers a multi-step chemistry mechanism to
characterize flame structure.
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5.2. A Reduced Methane-Air Reaction Mechanism

Of fundamental importance to combustion is methane oxidation, representing the sim-
plest hydrocarbon fuel. Detailed methane pathways can be separated into C1 and C2 low
temperature pathways with initial temperatures between 300K and 700K [64]. Sec. 5.2 gives
a schematic overview of a reduced methane reaction mechanism.

|
CH, C;Hs

|
oo |
CH; H, O, OH M
-

CH; CyH; ——— CH3CO ——>»CH30 ——>» CH; ——>

[ N

(Formaldehyde) CH20 CyHy —> CHj, CH,O, CHO ——>

H, 0, OH i iT H, OH
0 H, O, OH
(Formyl Radical) CHO
0, 0s i iTM, H, 0,
OH 0 H, O, OH

CHy ———>» CHCO ——— > CO ———> COs

|

|

|

|

|

|

|

A 0, ol

0, OH l 0’01 iTH,0,0H iy TO,OQ

|

|

|

|

|
|
|
|
I
I
I
|
|
|
CoH3 —> CH,CO —> CH3, CH,0, CHO ——> I
I
I
|
|
|
|
|
I
I

CO; C.H CHy —> CH
oo N
C4Hy CsHy CO,

Low-Tmperature Pathway

FIGURE 5.21 Reduced reaction pathways for methane.

A reduced 4-step reaction mechanism derived by Peters and Williams [17] is obtained
by invoking the following assumptions:

e Steady state for O, OH, HO,, CH3, CH5O, and CHO.
e Partial equilibrium

Development of the reaction mechanism can be summarized as follows:



5. FUNDAMENTALS OF COMBUSTION MODELING

(1) Fastest reactions in the Cl-chain:

CH, + H — CH; + H,
CH3; 4+ O — CH,O+H
CH,O + H — CHO + H,
CHO +M— CO+H+M
CH4 4+ O — CO + 2H,

(2) Taking partial equilibrium for:

H+OH=0+H,
H+ H,O= CO4H
9H + Hy0 = O + 2H,
Combining reactions Eq. (A) and Eq. (RB) gives,

(3) Combine the following reactions:

CO+OH=COs+H
H+ H>,O= OH + H,
Total: CO + HQO - C02 + Hy

(4) Combine the following reactions:

O;+H+M —HO; + M

9 OH 4 HoO — Hz0 + O4
H+ H,O— OH + Hy
Total: 2H +M — Hy + M

(5) Combine the following equations:

O, +H=OH+O0
O+H, = OH+H
OH + Hy= H,0 + H (2x)

Total: 02 + 3H2 — 2H + 2H20
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By combining these results, we obtain a four-step mechanism:

CH4 + 2H + H2O — CO + 4H, (Propagation) (RI)
CO + H30 = CO3 + Hy (Water-Gas Shift) (RIT)

2H + M — Hy + M (Recombination/Termination) (RIII)

Oz + 3Hy — 2H + 2H50 (Branching) (RIV)

CH4 + H — CHs + H, (RI-11)
CO + OH = CO, + H (RII-10)
H+ H,0 = OH + H, (RIL-3)
H+ Oy +M — HO, + M (RITI-5)
H+0,—~0H+0 (RIV-1)

5.3. Premixed Flame Structure

5.3.1. General Characteristics of Methane Flames. In a premixed flame, fuel and
oxidizer are mixed prior to entering the combustion chamber. Premixing can only be
facilitated below a certain temperature, known as the cross-over temperature (7.), so that
branching reactions are negligible. Example applications include Bunsen burners, lean
premixed gas turbine combustors, and spark ignition engines.

Up
Formation
of Triple Heat Loss to
Flame Burner Rim - Uy
Uco

FIGURE 5.31 Bunsen flame diagram.

A one-dimensional representation of premixed flame structure is obtained by considering
an unstrained planar flame.
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FIGURE 5.32 Planar flame structure.

Premixed Flame Structure

20+

T/1000
— 15Xcnm
— 10X,
— 10Xco
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Flame Structure Quantities

0.0
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FIGURE 5.33 1-D calculation results for a premixed flame at & = 1.0.

Observe the relative thicknesses of the inner and secondary layers.

Note that there are several key definitions here:
Flame Thickness: 67, =
Inner Layer Thickness: O

(9)
Outer Layer Thickness: O(e)
Preheat Region: O(1)

x/0
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As a specific example, we can further examine the flame structure of a lean methane-
air flame. A diagram of flame structure can be found in Fig. 5.32 while analogous 1-
D calculation results are presented in Fig. 5.33 We can interpret the flame structure by
considering the reduced four-step reaction sequence of Eq. (RI) - Eq. (RIV).

e Inner (Fuel-Consumption) Layer: Fuel is attacked by H radicals via the prop-
agation reaction of Eq. (RI). H radicals are formed through the branching path
Eq. (RIV). A characteristic cross-over temperature T, can be identified through
competition between branching and chain termination:

Oz + H = OH + O (Branching) (R1)
Oz + H+M — HO2 + M (Termination) (R5)
CH, + H — CH; + Hy (Termination/Propagation) (R11)

The cross—over temperature is typically around 500K larger in methane systems
compared to hydrogen-oxygen systems, which helps to explain the low reactivity of
methane oxidation. The thickness of the inner layer is estimated from asymptotics
as:

106 ~§-6r ~0.1-200pum ~ 20um, (5.35)

which decreases with increasing pressure (§ ~ p~1)

e Oxidation Layer: The oxidation layer is controlled by the water-gas shift re-
action of Eq. (RII), the termination reaction of Eq. (RIII), and the branching
reaction of Eq. (RIV) reactions. These reactions involve oxidation of CO to COq
and Hy oxidation to HoO. The thickness of the oxidation layer is:

le ~ €, ~ 3ls ~ 60um; e ~0.3. (5.36)

5.3.2. Asymptotic Flame Structure Analysis. Let us now consider a planar un-
strained flame under the assumption of unity Lewis number and one-step reaction chemistry,
schematically shown in Fig. 5.34. This is the same configuration presented in Fig. 5.33; the
derivation is due to Zeldovich, Frank-Kamenetski, and Von Karman.

Reaction chemistry is represented by a first-order irreversible reaction,

F+0—P, (5.37)

with reaction rate rmp = pYrAexp {—%} We utilize the following assumptions:

e Stationary flow with respect to the flame location
e Unity Lewis number Le =1

e Low Mach number deflagration (p =const)

o Calorically perfect gas (¢, =const)
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Uy,
—_— Tu Tb
oy Y. Y,
—_—
8% ’u 8% |b

H

_— Unburned Burned

FIGURE 5.34 1D Flame Diagram.

The governing equations of Sec. 2.6.4 can thus be rewritten as:

dy(pu) =0 (5.38)
0 Ea
psLda:Yf = d.L(pad.LYF) - pYFAeXp {_M} (539)
)\ pQYFA EA
04,7 =d, ( ~d, T A 31
pstdy dy (cp dy ) + o exp { RT} , (5.310)

where @ is the heat release. By combining conservation equations for species and temper-
ature, we can obtain a total enthalpy equation

Yr (T —1T,)

H = + 5.311
YF,u QYF,u ( )
with transport equation,
psSd.H = d,(pad, H) (5.312)
By introducing the non-dimensional fuel mass-fraction and temperature:
Y,
Y=-L and © = —2 (T —T,), (5.313)

YF,u QYF,U
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we can write,
H=Y+6.
Boundary conditions are then:
r—-—-o00:H=1, 6=0,Y=1
r—4o00:H=1, 6=1,Y=0

A transformation of coordinate systems,

x 0 x 0 )\
&= / Psp dr = / S—Ld:c; Le = ,
0o A 0 « CppOL

where « is the diffusion coefficient. We can rewrite,

0 0
g = %dg;dx(padx) = ’%Ldg

Note that d;, = a/s%, and the source term can be expressed as,

T Ta (T
exp{—;} :exp{—TA (13 +1- 1)}
b

= _Ia Ty +1-1
e R =T s

SHE s

By introducing the burning-rate eigenvalue (a dimensional parameter):

A aA Ze
= —— eXx _——
592 XP Ce |’

we can rewrite the reduced set of equations as,
Ze(1l—-0) x

de© = d?0 + AY _—— = —

¢ €0t eXp{ 106(1@)}’ ¢ s
O+Y=H(=1)—-Y=1-0

with boundary conditions:
§——-o0:H=1 0=0Y=1
E—>+40:H=1;, 6=1,Y=0
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(5.314)

(5.315)
(5.316)

(5.317)

(5.318)

(5.319)
(5.320)
(5.321)

(5.322)

(5.323)

(5.324)

(5.325)

(5.326)
(5.327)
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In the following, we consider the parametric limit Ze — oo (i.e. activation energy asymp-
totics), where Ze characterizes the temperature sensitivity of the overall reaction rate. From
the following,

wz(l—@)exp{—m},zleiglmw—)() (5.328)
we can consider the specific cases:
(1)
E0: de =0 (1—@)»% (5.329)
Region of of low temperature and frozen chemistry called a convection diffusion
zone
(2)
E>»0:de —=0,0=1,Y =0 (5.330)
This is known as the post-flame zone.
(3)
1 Ze—1
£Ze~O(1): <1_®):YNZ; O~ 7 (5.331)
Known as the reactive-diffusive zone
Detailed insight can be obtained through balance analysis:
e Convection-diffusion zone: Governing equations reduce to:
de® = d3®, with: £ — —00;© =0, (5.332)
and exponentially small reaction term. The solution to this equation is simply,
O = exp{&} (5.333)
Y =1-exp{¢},£<0. (5.334)

This region is referred to as the preheat zone, where the thickness of the preheat
zone, A& ~ O(1), can be written as,

87 g0 0
AE = / Ly = =L§Y (5.335)
0o «

¢ Reaction-diffusion zone: The region in which (1 — ©) ~ Ze™! (reaction term
is exponentially not small). We therefore introduce an inner scale variable,

0= Ze(€ — &) ~ O(1) (5.336)
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FIGURE 5.35 Matched asymptotic analysis.

From this, we can confirm that,

d
lim 27 oo, (5.337)
Ze— 00 f

meaning that the inner layer becomes infinitely thin in the high activation energy
limit. We then expand the dependent variable as Y ~ y/Ze by assuming that fuel
consumption is O(1/Ze),

Y
=Ze(l—-0 0=1- > 5.338
y=7Ze(1-0) - v (5339)
in the inner layer structure. Further, this implies:
d 1
de = -1d, = Zed,; d© = ——d .
€= g™ edy; dO 7o W (5.339)
1 A Y
= Zdny = —d%y + —o3 Y exp {— - % } . (5.340)
e

Further, Ze — oo requires that ZLeZ ~ O(1), giving the expansion,

A=2ZeAg+ > Ze ™M, (5.341)
i
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Retaining O(1) terms gives the reaction-diffusion balance (in the limit as Ze —
00):
2 — . —
dpy = Aiyexp{—y}. (5.342)

with conditions  — oo : y — 0. By matching slopes, such that d,y = C at n = 0.,
we can rewrite the diffusion reaction equation to eliminate spatial dependence:

dy _dy d (dy) _1d <dy>2. (5.343)

dp? — dnd, \dn) — 2dy \dn
With this, we can rewrite the diffusion equation as,
2
%d%/ (zllij]) = Aoy exp{—y}, (5.344)
and integrate with boundary conditions,
n—o0o: y— 0 (all fuel is consumed) (5.345)
n— —oco: y — oo (for matching conditions), (5.346)
such that,
1 (dy)? Y "o
3 (%) =t [Wewlihar = nalt el G0

where we have used the identity fooo y exp{—y'}dy’ =T(2) = 1. At the matching
point, we require that,

d
d—y = C (Here, we set C = 1), (5.348)
n
and evaluating the above equation at n = —oco — y — oo gives,
1 A 1
=-—— s A=-7Z¢ 5.349
0= 572 THT % (5.349)
2DA Ze\\
.0 _Zt
S.8p = ( 702 exp{ Ce}) , (5.350)

where we have used the definition of A from Eq. (5.323).

Thus, this analysis shows that the flame speed is dependent on the activation energy,

0
5L

5}7‘:%

(5.351)

Further, flame speed is a function of equivalence ratio ¢. The maximum flame speed is
obtained at ¢ > 1 since the heat capacity of the diatomic product gas composition is
slightly lower than that characteristic of the lean side.
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FIGURE 5.36 Flame speed vs. equivalence ratio.

5.4. Diffusion Flame Structure

5.4.1. General Characteristics of a Diffusion Flame. In a diffusion flame, fuel and ox-
idizer enter the combustion chamber prior to mixing and combustion. Mixing and combus-
tion are facilitated by a combination of turbulent mixing and molecular diffusion. Chemical
reactions take place where reactants are mixed at the molecular level. In terms of relevant
timescales,

P
Thtizing > Ton — Da = 1209y o, (5.41)

TCh
In this framework, it is easily seen that diffusion flames are controlled by molecular mix-
ing and diffusion. Exceptions to this include conditions near extinction, at ignition, and
combustion in vitiated flows. Examples of diffusion flames include candles and counter-

flow/opposed-jet flames

5.4.2. Structure of Diffusion Flames. We now consider the counter-flow diffusion
flame, diagrammed in Fig. 5.41. For an analysis of flame structure, we can again use the
4-step reaction mechanism from Eq. (RI) - Eq. (RIV). The outer structure of this diffusion
flame is the Burke Schumann solution governed by the overall one step reaction,

CHy + 205 — CO9 + 2H50, (542)

with the flame sheet position at Z = Zg The inner structure, on the other hand, consists of
a thin Hy — CO oxidation layer of thickness O(e) and thin inner layer of thickness O(d) on
the rich side. Beyond this layer, the flame is chemically inert due to radical consumption
by the fuel. Thus, in the rich part of a diffusion flame, there is an upstream preheat zone
of premixed fuel and a downstream diffusion zone.
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FIGURE 5.41 Counterflow diffusion flame.

5.4.3. Activation-Energy Asymptotics. We now consider the one-step irreversible re-
action with non-unity Lewis number,

vpF + 150 — vpP. (5.43)

We now consider the specific configuration of a counterflow flame, with strain rate a =
2up /L. For the simplified case of constant density (isothermal flow), we then have a self-
similar solution such that,

= ?7 Uy = —ay, (544)
from the mass conservation equation in axisymmetric coordinates dyu, + (1/r)0, (u,r) = 0.

In this case, we can write the steady state version of the conservation equations in
Sec. 2.6.4 as:

V- (pu) 0 (5.45a)
pu-VYp = V (pOzFVYF) + Wgrrpw (5.45b)
pu-VYog = V. (paoVYo) + Wovow (5.45C)
pu - VYp V- (pOzPVYP) + Wprpw (5 45d)

N
pepu- VT = V- (AVT) + Qu; = — Z piWiv;, (5.45¢)
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with v = v/ — v/ and the adiabatic flame temperature T},

Q(YF u YF b)
Ty =Ty — 8107
b 0 I/FWFCp

Moving forward, we introduce the following assumptions:

(1) Constant transport properties

(2) Constant density in the thermo-diffusive limit

(3) Equal molecular weight (Wr = Wo = Wp = W)

(4) We consider the reaction vp =1, vy = v,vp = v + 1 for simplicity

The conservation equations can then be simplified to,
V-u=0
puVYp = paFVQYF — Ww
puVYo = paoV3Yo — Wrw

puNT = parV>T + cgw

i
This leads to the 1-D conservation equations,
puy% = papd;;;F -w (% ’ AYrYo exp {?}
puy% = paod;;;O -w (%)2 AYrYovexp {I;}
puy% = paTg — 2 (%)QAYFYO exp {—2‘:} .
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(5.46)

(5.411)
(5.412)

(5.413)

Before we analyze the diffusion flame structure, we will first derive an expression for
the mixture fraction. For this, we consider a one-dimensional problem and introduce the

following normalized variables:

J= Y ; (rescale axial distance with shear layer thickness)
var/a
Yo =Yr, Yo=Yo

é = (T - Tu,st)V[/cp(Qy—i_l)

uy:fay; Up = — 3 uy:

2 r=0 \/ QT '

(5.414)

(5.415)

(5.416)

(5.417)
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This leads to the non-dimensional equations,

dYp dYr - T,
_dYo dYo N T,
—q i = Leo pre — DaYrYov exp {_T} (5.419)
.d®  do 5 T,
_ydTQ = dTQQ + DaYrYo (v + 1) exp {_T} , (5.420)

with Da = % (p/W) and a the strain rate. For equal (and unity) Lewis number, we can
define a set of conservation equations for the mixture fraction defined in Eq. (2.34),

az d?z
gch + i 0, (5.421)

where Z = 0 in the oxidizer stream as § — oo and Z = 1 in the fuel stream as § — —oo.
The solution to Eq. (5.421) is given as the following,

1 i 1 a
Z = Zerfe [ L) = Zerfe [ [/ 422
2erc<\/§> 2erc< 2aTy>’ (5.422)

where the second expressioin is in dimensional form. With the definition of mixture fraction,
we can introduce the scalar dissipation rate:

Xz =2az|VZ]* (5.423)
where ay is the diffusivity of the mixture fraction. For the 1D case, this becomes,

dz

2
Xz =20z <dy> : (5.424)

In the self-similar coordinates defined in Eq. (5.414) , we can use the definition of the
complimentary error function to obtain,

dz\?
Xz = 2a< dg) (5.425a)

a [—\2\}5 exp {—éf}] : (5.425b)
22?“ exp{—9°}, (5.425¢)
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where we set az = ap. For further analysis, it becomes important to recognize that we
can rewrite the spatial derivative operators as:

7 2 7\? 92 2
9 _ 00z 0 _(0Z\" O Xz O (5.426)
oy 0Z 9y’ 0y 0y ) 072  2a 072
Thus, for the 1-D advection-diffusion operator, we have:
d d? dz d dz d?
Uy — = 7— — 5.427
Vs T <y 32 ) iz dp <d2dg> (5.427)
dz\* d2
_ (dy> o (5.428)

where the cancellation in the first term occurs due to mixture fraction conservation.
To develop the analysis further, we consider unity Lewis number (Le; = Le = 1), and
rewrite the governing equations,

dYe  d?Ye . o T,
—q = ——— — DaYrY( —— 5.429
Y 45 472 arpro exp T ( )
dYo Yo o T,
—j T DaYrYov exp — 7 (5.430)
dYe &Y 5 & T,
—q i = e + DaYrYo(v + 1) exp N (5.431)
d6  d?© .o T,
-y 4y = dT)Q + DaYrYo(v + 1) exp {—T} . (5.432)
Where boundary conditions are,
§ — oo (Oxidizer) : Yo=1; Yp=0; ©=0; Yp=0 (5.433)
§— —oco (Fuel): Yo=0; Yp=1; ©6=0; Yp=0 (5.434)
Now, we can make several useful observations:
(1) By introducing the mixture fraction definition of Eq. (2.33), we have
Ve — Yo) + Y Ve — Yo +1 1
z=Wr—Yo)t¥oo v¥r Yo+ = (5.435)
l/YF’]: + YO,O v+1 Zet v+1

(2) Next, from the equivalence of Eq. (5.431) and Eq. (5.432),

Ns
Yp=6; » V=1 (5.436)
=1
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(3) Simpifying the transformation of Eq. (5.426) gives,
d dZzd _ d d? d

=22 g2 =y 5.437
g dgadz’ Yag a4 ~ Xaze (5:437)
Using these results, we can rewrite our problem statement as,
Yo=(1-Zg)(1=-0)+Zy—2Z; Yr=1-0—-Yo (5.438)
Yo =2 — 074 (5.439)
de IS ZeCe(1 — 0©)
—X—5 = Da(v+ 1)YrYoexp{—Ze}exp{ ———— 7, 5.440
Xo7s (v + 1)YpYo exp {—Ze} p{ 1_06(1_@)} (5.440)
Ta Tb st — Tu st Ta
Z €00,1]; ZeCe= : — = Ce= ZeCe 5.441
[ ] Tb,st Tb,st Tb,st ( )
1 :l) A T — Tu st Q
Z=zerfc| =1];0=—""7": Tpst—Tust=—(v+1
2 (\/5) Tb,st - Tu,st bt st ch( )
(5.442)
We can now identify three trivial flow regimes:
(1) Frozen Flow: (1 — é) >1
Eq. (5.440) reduces to,
d*e A
T =020=((2) (5.443)
(2) Equilibrium Flow with Zero Oxidizer:
Yo=0—0=—"">/for Z < Z (5.444)
— Lst
(3) Equilibrium Flow with Zero Fuel:
- A A
Yr=0—-0= for Z < Zg (5.445)

st
Lindn further identified four distinguished burning regimes [10] :

(1) Ignition Regime:
Ignition occurs by an increase in Damkohler number, sufficient to cause tempera-
ture variations of O(1/ZeCe) such that (1 — 0) ~ 1/ZeCle.

(2) Partial Burning Regime:
This is an unstable combustion regime where O(1) leakage of fuel and oxidizer
through the flame results in instability. See Fig. 5.43a.
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FIGURE 5.42 Equilibrium flow with zero fuel.

(02} Fuel (02} Fuel

Zsf, Zst

(a) Partial burning regime. (b) Partial burning regime.

(3) Premixed Flame Regime:
This condition occurs at or near extinction, where the leakage of one reactant
through the flame results in a structure resembling that of a premixed flame. See
Fig. 5.43b.

(4) Diffusion Flame Regime:
In this region, no reactant leakage occurs to first order, resulting in a flame that
resembles the case of the fast chemistry /Burke-Schumann limit.

With this characterization we can generate an “S-shape” solution curve. Note that the
Damkohler number in this case can be defined as,

Diffusion Time Through Flame A
Da — = .44
“ Chemical Time Xz (5.446)
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Unstable Premixed Equlibrium Da — oo

- Flame Regime
4 \ _ (Burke-Schumann Limit)
|
v, Diffusion Flame Regime
1/
Extinction
Regime : |
| |
: | Ignition
| i Regime
|
: : > Da
Da, Da,,

FIGURE 5.44 Damkohler stability plot.
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CHAPTER 6

Turbulent Combustion Modeling

in this chapter, we will provide a qualitative description of the physics of turbulent com-
bustion. For this, we will consider three important phenomena: stabilization mechanisms
of lifted turbulent flames, flame autoignition, and triple flames.

6.1. Ignition of Turbulent Combustion

Ignition is defined as the transition from an unreacted state to a fully or vigorous burn-
ing state. There are two key types of ignition: spontaneous/self-ignition (also known as
autoignition) and forced/assisted ignition (such as spark ignition). Ignition in a homoge-
neous flow is a classical combustion problem that involves understanding the effects of the
flow field and turbulent scale interaction on ignition. From prior analysis, we expect that
both mixing and strain/dissipation will require consideration. Examples of transient igni-
tion processes include spark ignition, re-lighting, and accidental fires. The key governing
equation is the energy equation of Sec. 2.6.4, which we rewrite in convenient form below,

eppD/T =0p+V - (AVT) + ¢ur + 4ex — drap, (6.11)

where ¢g i is heat release, ¢px is the externally supplied energy, and ¢rap is heat loss (e.g.
by radiation). The ignition criterion for a homogeneous mixture becomes,

1 |1
0T = — {&(M@TT) +qur — QRad:| (6.12)
cpp |7
. T — Tne
dur = Q;0r ~ bT (6.13)
4T~ —Ai(2T ~Ty) +Q (6.14)
t cpm R2 oo b . .

6.1.1. Ignition Classification. There exist several classes of ignition methods that one
should consider, namely,

(1) Jet-Flame Configuration

(2) Mixing Layer

(3) Opposed Jet-Flame

89
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(4) Volumetric Compression

Of relevance to autoignition is the primary mixture composition:

e Stoichiometric, Zg

e Most reactive, Zyr

e Lean mixture, Zcan

e Rich mixture, Zg;cn
where,

ZLean < ZMR < Zst < ZRich (615)

For cold reactants, autoignition occurs at Z,;r and at regions of low scalar dissipation rate.

Ignition at the most-reactive mixture conditions has a number of distinct characteristics.
Tig

A

| >
>

I
ZMR Lt 7

FIGURE 6.11 Ignition delay time vs. mixture fraction.

The appearance of the ignition site, for instance, is independent of the turbulence time scale.
The ignition time tends to decrease with partial premixing, and is shorter in turbulent than
in laminar flows. Finally, the most-reactive mixture depends on both the fuel and oxidizer
temperature as well as the activation energy of the reaction. The most-reactive mixture
is characterized by a competition between the high temperature of the oxidizer and the
reduced fuel concentration due to the exponential dependence of the reaction rate on the
temperature.

6.1.2. Assisted Ignition. The ignition process in many burners occurs through assisted
ignition, and stability is often achieved via strong swirl or recirculation. There are several
distinct ignition phases that can be considered (see Fig. 6.12):
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(1) Kernel Generation of a small flame occurs around a spark due to thermal energy
deposition and radical formation

(2) Flame expansion occurs due to local propagation of the flame front and turbu-
lent dispersion of the ignited fluid

(3) Flame stabilization refers to the long-term stabilization of a flame in which the
combustion reaction is at steady state

ZMR
\

FIGURE 6.12 Ignition process figure.

P ZMR

ZLean ZRich Y/

FicUrEe 6.13 Flammability limit figure.
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The flammability factor F' characterizes the propensity of a mixture to ignite,

F= / 2z, (6.16)

ZLean

It is at this point useful to directly derive an expression for the most reactive mixture. For
simplicity, we consider the case of equal moleculuar weights such that,

F+0—P (6.17)

and the reaction rate can be written in simple Arrhenius form,

Ey
=A ——» [F][O 6.18
w=aesp {221 FO (6.18)
with,
Ye = Yo rZ (6.19)
Yo = Yool — 2) (6.110)
T =Tr + (To —Tr)Z (6.111)
Yp
X = L. 6.112
X = 1 (6.112
Thus, we can rewrite the reaction rate as,
p? E4
w = AW eXp ~ 5 YrYo (6.113a)
2
p” 1 Ey4
= ZiAmexp {—RT} Yo Yo (6.113b)
4
- R [TF+ (To - TF)Z)?
e Ea Ye 7Yo.0(1 - Z) (6.113¢)
Xp 4 — - )
P RITr + (To — T7)Z] r,7Y0,0
2
p?A Z(1-2)
= 2oy ry,
R2 OO, (To — Tr)Z]2

Ey
P {_R[T}' + (To — Tr)Z] } ' (6:113d)
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Now, letting T4 = Ea/R, 8 =T4/Tr, and (v = To/Tr, we can rewrite this as:

(Y - 3 Z(1-2)

w= (vm) AYF’QYO”XP{ R[1+<<T—1>ZJ} v —nzp &1
B 3 Z(1 - 2)
= Do { A - 17 (0419

The most reactive mixture is defined as the limiting value of the mixture fraction as
Ow/0Z — 0, which reduces to the following expression,

ZMR: lTA(CT—].)—2:|: \/TE(CT_1)2+404%“ (6116)

2 TalCr—1)+(¢3 - 1)

6.2. Governing Equations and Low-Mach Formulation

In this section, we focus on turbulent combustion modeling. The starting point is the
combustion equations that we derived in Sec. 2.6.4. We now consider low-mach formulation
of the governing equations describing conservation of mass, momentum, species, and energy
first introduced in Sec. 2.5 with the following assumptions,

e Fourier’s Law: ¢ = AVT
e Fick’s Law for Diffusion: j = —paVY
e Neglect buoyancy
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For this, we decompose the pressure into a thermodynamic and a hydrodynamic com-
ponent.

p(a, t, M) = po(t) + M?ps(z,t) + O(M?) (6.21)
, where pg is the thermodynamic pressure and ps is the hydrodynamic pressure. After

inserting this definition into the governing equations and retaining leading order terms in
M, we can decouple the momentum conservation from the other equations:

Mass: dip + V - (pu) 0 (6.22a)

Momentum: 0;(pu) +V - (pu®u) = —-Vpa+V-g (6.22b)
Species: O¢(pY) +V - (puY) = V-j+ pw (6.22¢)

Total Enthalpy: 0;(pht) +V - (puhs) = V-q (6.22d)
EOS: pg = pRT (6.22¢)

where all quantities without a subscript are of zeroth order in the Mach number. As a
reminder, the main benefit of this low-Mach formulation is that it enables a decoupling of
the momentum conservation equation, which is now only dependent on the hydrodynamic
pressure. By decomposing the pressure, sound waves are filtered out, and pressure and
density become decoupled in the following manner:

0
p(S7X7 Po + p/) ~ p(SaX7 pO) +pl a. ) (623)
and reconizing that the speed of sound is given as,

, (6.24)

it immediately folllows that a — oo, meaning that the solution will propagate at infinite
speed through the medium.

6.3. Favre-Averaging

Applying the Favre-averaging/filtering method described in 4.3.2.2 to the foverning
equations with ¢ = ¢ + ¢” and ¢ the filtered quantity allows us to obtain the following set
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of equations,

Mass: 0;p+ V - (pu) =0 (6.31)

Momentum: d;(pa) +V - (pu®@u) = -Vp+V-2+ V- g (6.32)
Species: 8t(ﬁz) +V-(pu® z) =V-j+V-ji'+a (6.33)
Total Enthalpy: 9, (phy) + V - (pithy) = V -7+ V - ¢, (6.34)

Note that in this case, we do not distinguish between averaging in the RANS-sense (spa-
tial/temporal ensemble) or filtering in the LES sense. Importantly, unclosed terms appear
in the Favre-averaged equations. These include:

o Turbulent Stresses:

oty = pilsil; — puiit; = —pul/u] (6.35)
= B — Pl ) (@ + ) (6.36)
= Bty — plusty + W] + /i + ulu)) (6.37)

where the last two lines contain the expression known as the Leonard Triple De-
composition of the turbulent stresses
e Turbulent Scalar Transport:

~ — —~—

jfx,i = pu;Yo — pu;Yo=puj Y} (6.38)
e Turbulent Enthalpy Flux:

¢t = plishy = puihy = pu/hy (6.39)
e Chemical Source Term:

wa = ZWaVakfyk H[Ya]yé,k o %H[Ya]yg’k (6310)
k a

(e

In the following, we pursue a segregated approach and employ different models for each
term.

6.4. Closure Models for Turbulent Fluxes and Reynolds Stresses

6.4.1. Turbulent Stresses. A common closure for modeling turbulent stresses is the equi-
librium closure approach using the Boussinesq approximation. This relates the turbulent



96 6. TURBULENT COMBUSTION MODELING

stresses to the shear rate via a turbulent viscosity p,

puiu] = pulul] = —ELGT 4 Spkoys k= Sul?, (6.41)
Iz 3 2
- ~ 2, .
0ij = W | Oy + Oju; — gakukéij . (6.42)

Within this modeling framework, there exist several closure models for the turbulent
viscosity, p;. A common closure is the RANS &k — e model, which expresses 1 as
k'2
with transport equations for k and € and the model parameter C, often set equal to a value
of C), = 0.09 to obtain agreement with experimental configurations for isothermal flows.
Another class of closures is based on LES filtering. Specifically, we can write p; as,

e = CpA?|Sy;], (6.44)

=1/25,;S;; (6.45)

where A is the LES filter width and S;; = (9;u; + 0;u;)/2. The constant Cj is referred to
as the Smagorinski constant, and generally ranges between values of 0.1 and 0.25. There
exists a more sophisticated version of this model, wherein the value of C can be dynamically
adjusted, due to Germano [25]. Additional models for the turbulent viscosity include non-
equilibrium models, fractal methods, and Lagrangian models. It is also important to model
the turbulent scalar fluxes of Eq. (6.38) and Eq. (6.39). The most common model for these
quantities is based on the eddy-diffusivity concept, relating turbulent scalar fluxes to a
resolved (or mean) scalar gradient such that,

pu " = pul ' = —pay

o (6.46)

where oy is the turbulent diffusivity, evaluated as,
ay = CyA%S,,| (6.47)
By introducing the turbulent Schmidt number,

Sey = 24~ [0.4,0.7) (6.48)
Qi
and comparing Eq. (6.45) to Eq. (6.47), it follows that,
Cs
= 6.49
v = 5g, (6.49)

which is common in the context of LES applications.
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6.4.2. Chemical Source Term Modeling. A main focus of turbulent combustion mod-
eling is concerned with the closure of the chemical source term:

Wo = wa (Y, T,p,...) (6.410)

From previous flame structure analysis and the Arrhenius form, we know that this term is
localized and non-linear, so that a simple approximation of the form,

B ~ wa(Y, T, P) (6.411)

is inaccurate!

In the following, we will consider a subset of turbulent combustion models that have
different fidelity and applicability. In general, we can evaluate turbulent combustion models
based on the following properties:

(1) Accuracy
(2) Generality and Model Applicability
(3) Computational Complexity

We will now introduce a general classification to categorized different combustion mod-
els. For this, we introduce the notion of topology to distinguish between topology-free and
topology-based combustion models.
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Topology-Free Models

e Closure models make no assumptions
about flame strructure, or exploit
flame topology

e Combustion model typically requires
solution for all or a subset of species
(for reduced chemistry)

e Models use different submodels to de-
scribe mixing and reaction chemistry

Examples

e Direct source-term evaluation (“lam-
inar chemistry model”)

e FEddy-dissipation
breakup model

e Transported PDF model

e Deconvolution methods

model/eddy-

Advantages

e Applicable to wider range of combus-
tion problems

e More general formulation

e Provides representation of different
combustion-physical processes: de-
tailed chemistry, complex transport,
multistream systems, boundary con-
ditions, heat-transfer, radiation

Disadvantages

e Computationally complex (often due
to higher dimensional formulation)

e Segregation of different physical pro-
cesses (mixing and reaction)

e Statistical
method)

e Numerical algorithms

convergence  (particle

6. TURBULENT COMBUSTION MODELING

Topology-Based Models

e Closure for chemical source term ex-
ploits structure/topology of flame,—~
typically assume presence of a lam-
inar flame element or flamelet

e Flame structure described from
asymptotic canonical and laminar
flame solutions of premixed and
diffusion flames

e Flame structure projected onto a re-
duced scalar manifold (Z, C, x)to de-
scribe chemistry more compactly

Examples

e steady flamelet model

e flamelet/progress-variable (FPV)

e Flame prolongation of ILDM (intrin-
sic low dimensional manifold) (FPI)

e Flamelet-generated manifold (FGM)

e Conditional moment closure

e Linear eddy model/1D turbulence

Advantages

e Reduced computational complexity

e Presumed PDF-closure for
turbulence-chemistry interaction

e Account for finite-rate chemistry

e Flexibility to incorporate radiation,
pollutant formation, unsteady pro-
cesses, multistream combustion

e Chemistry described via tabulatino

Disadvantages

e Reduced manifold representations
eliminate slow-time-scale processes

e Models are specific to certain com-
bustion regimes; other combustion
regimes (partially premixed) are only
approximately represented

e Dependence on tabulation introduces
memory limitations and restrictions
on model complexity
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Premixed NonTPreI.nlxed Partiglly
Diffusion Premixed
Eddy Dissipation Model (EDM)
Reaction P Variabl
FaSF eaction ProgressVariable . Reacton Progress
Chemistry | Level Set Mixture .
. ] Variable +
Bray-Moss—leby Fraction Mixture F ti
(BML) Model ixture Fraction

Laminar finite-rate model (zeroth order source term evaluation)

Transported PDF Model
Eddy Dissipation Model
Finite- Linear Eddy Model (LEM)
Rate
Chemistry

Flame Surface Density
Flamelet Formulation
(FGM, Level Set)
Thickened Flamelet Model

Flamelet Progress Variable
Flame Prolongation in ILDM
Conditional Moment Closure

FIGURE 6.41 Classification of combustion models and applications.

6.5. Regime-Independent Models

In the following we will consider different turbulent combustion models. For illustrative
purposes, we will consider a simple one-step reaction chemistry of the form,

F+0%5Pp. (6.51)
6.5.1. Laminar Finite Rate Chemistry. We will first consider the transport equations,
pDYo =V - (paVY,) + V-5t + (Y, T,7p) (6.52)

The simplest closure model for the chemical source term is then to expand the source term
to zeroth order in Y and T,

wY,T) ~w(Y,T,p) (6.53)
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or,
. v T U v Ta
wo(Y,T) ~ YrYo exp {_T} (6.54)

The fact that this model is not accurate can be seen by expanding to second order:

_ - - T T - - ~ ~ TuT"
w(Y,T) = YrYo exp{—;} +exp{—T:“} [YPL’YO +YrYY + YeYo %2

(6.55)

6.5.2. Eddy Breakup and Eddy-Dissipation Model. The Eddy Breakup Model (EBU)
and Eddy Dissipation Model (EDM) assume that combustion is mixing-controlled, so that
finite-rate chemistry effects are neglected. This is computationally inexpensive and useful
for mixing-limited combustion, but limited to one- or two-step chemistry. The EBU has
been formulated for premixed flames and replaces the chemical timescale by the turbulent
mixing timescale 7, = k/e,

1 J—

EBU: w = pCEBUf\/ YIQ/Z (656)
Tu
EDM: For D,Y, =V - (paV¥a) + V- j_ + Wava® (6.57)
and vpF + 50 — vpP (6.58)
1 . ?F i;o fYVVP
=p— A A AB 6.5

W= e, ( vpWe' v Wo' I/{D/Wp> (6.59)

where A =~ 4.0 is an empirical constant. In this case, the chemical reaction is controlled
by the large-eddy mixing time 7, defined in 4.31. The combustion can proceed as soon
as turbulence is present, and no ignition source is required to be present. This model
is acceptable for premixed flames, but does suffer from issues in predicting ignition and
combustion upstream of the flame.

6.5.3. Transported PDF Methods. PDF methods employ a statistical approach for
representing turbulent reacting flows. Starting from the work of [52] in the 1980’s, these
methods have performed reasonably well in describing stochastic aspects of turbulent com-
bustion such as intermittent extinction and re-ignition [53]. An excellent review of the
subject can be found in [27]. Instead of solving transport equations for the scalar flow
variable, the transport equation for the PDF is solved. The PDF itself is a one-point sta-
tistical representation of turbulent reacting quantities, and does not contain information
about two/multi-point quantities. In general, we can distinguish between:
(1) Scalar transported PDF-method: solves a transport equation for the joint scalar-
energy PDF P(Y,T;x,t), where ), T are sample-space variables
(2) Joint velocity-scalar PDF-method: solves a transport equation for velocity-scalar
energy quantities P(U, Y, T; z,t).
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Advantages of PDF methods include:

e Statistical representation of the PDF contains information about all moments of
the joint (velocity)-scalar field: (u?Y " T?)(n,m,p) € Z. Note that this informa-
tion is often more than one needs for engineering representations

e Since the chemical source term is a point-wise quantity, this term is exact and
does not require modeling.

e The PDF method does not invoke any assumptions about the flame topology, and
is therefore (in theory) a regime-independent method apart from the mixing model

Disadvantages include:
e The resulting transport equation for the joint PDF evolves in state-space and
physical space and is therefore higher dimensional:
P(U,Y;z,t) € RV HNs)x(No+1) (6.510)
where: U e RV?, Y e RVs; 2 e RMP t e R (6.511)
e Scalar mixing and turbulent transport are governed by multi-dimensional and two-
point interactions. These processes are therefore not fully represented and require
modeling. Example: € = 0;u;0;u;
We will now derive the transport equation for the joint velocity-scalar PDF. We can formally
write the PDF as
Py 2,1), (6.512)

where ¢(U, Y, T)T represents a composition or field variable and Y(U,Y,T) represents a
sample space variable. We also recall the definition of the mean quantity or expectation as,

/Oo VP (s 2, t)dyp (6.513a)

¢

0=0wn = [[ Qwrwznaw. (6.513b)

Note that the Favre-PDF P and the conventional PDF P can be related via the mass
density function,

Puy U, V;z,t) = 5Pyy (U,Y;2,t) = pPyy (U, Y;2,t). (6.514)

A convenient way for deriving the transported PDF method is by introducing the fine-
grained PDF:

Pyy (u, YV;z,t) = 0(U(z, t) —U)S(Y (2, 1) — V). (6.515)

corresponding to a delta function as representations of the PDF for a single flow-field
representation. Details of the derivation of the transported PDF equation can be found
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in the work of Pope (see Appendix H) [54]. Here, we sketch the derivation and highlight
critical evaluation steps. The starting point are the following governing equations:
Diyp=—pV-u (6.516)
1
Diu=a, a= ;(pr +V-g) (6.517)
1
DY <b b= (=Y j+w) (6.518)

To illustrate the derivation, we consider an isothermal flow (p =const), and then extend this
formulation to variable density systems. Thus, in our first analysis we will replace continuity
with V- u = 0. We now consider a scalar, one-point random field variable Q(u,Y) as a
function of time. First, the substantial derivative becomes,

D,Q=0,Q+V - -uQ (6.519)
) / / T QULY) Py (U, Y: . ) dUdY 1V [ / / T UQULY) Puy U, V: 2. 1) dUdY

- - (6.520)

= //OC QU.Y) [0, Pyy +V -UPyy| dUdy (6.521)

Second, we can expand the mean convection term on the LHS of Eq. (6.519) as,

9Q 9Q

DQU.Y) = 55 - Dil+ 52 - DY, (6.522)
_0Q | 9Q
= 8QQ + 8Zb, (6.523)
with expected value,
— 0Q 0Q,
D@ = %g + %b. (6.524)

Note that @ and b depend on multi-point information of random field variable ¢ and ),
such as the velocity of scalar gradients. Since these multi-point terms are not contained in
the formulation, they require modeling; therefore, we represent all unclosed terms in the
the vector C. With this, we can write,

Poy,cU,V,C) = Pou y(ClU, V) PU, V). (6.525)
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By introducing this step, we can express all right-hand-side terms as,

a =aU,Y,C) (6.526a)
b =bU,Y,C) (6.526D)
Q =QUY), (6.526¢)
where C describes the two—point closure terms. This allows us to write,
8U* / / / V)a(U,Y,C)Pyy cU, Y, C)dCAYdU (6.527)
- [ R ydmyry @ vy (6.528)
where Q|Q,X:/ aUd,Y)Pciu,y (ClU, Y)dC. (6.529)
Similarly, we have,
et / | UYLy W Y)dYa (6.530)
By using integration-by-parts,
b b b
/ flgdz = fg —/ fq'dx, (6.531)
we can rewrite Eq. (6.528) and Eq. (6.530),
0Q 0 [
o = - [ eup [T TRy w )] v (6.532a)
0Q 0 [
b = -] ooy YRy @] ava (6.532b)

where we have used the fact that the boundary integrals at +oc are zero due to the com-
pact PDF kernel. Upon combining all terms and equating integrands, we obtain the joint
velocity-composition PDF transport equation for constant-density flows,

0 —— 0 [——
WPyy +U-VPyy = “u [ng, ZPQ,Z} %y {b@, XPQ,X} ; (6.533)

where the left-hand terms represent advection in physical space by the unsteady velocity
field, the first term on the right-hand side represents transport in velocity space due to
conditional acceleration a|l{,), and the last term represents transport in compositional
space due to conditional reaction/diffusion b, ).
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We can at this point make several observations. First, the transport equation evolves in
physical-velocity-composition space and cannot be represented by conventional discretiza-
tion schemes. This is a direct result of the curse of dimensionality. Further, all two-point
correlations in a|U,) and blU,Y are unclosed and require modeling; this includes such
phenomena as molecular diffusion, turbulent mixing, viscous dissipation, and pressure fluc-
tuations. The one-point chemical source term, however, appears in closed form:

T
o= 7
- %(—vma,w “W. (6.535)

1N
I<
I

()

(V-a-VpU,Y (6.534)

)

IS
1<
1<

In the following, we will consider the joint compositional PDF. We fill first derive this
quantity before stating the density-weighted /Favre-weighted PDF and discussing the closure
model in the limit of high Reynolds-number flows. Finally, we will discuss solution methods
utilizing particle-based approaches.
The joint composition PDF is obtained by integrating over velocity space, resulting in
a marginal PDF. The transport equation for this PDF can be written as,
~ ~ i Py 5., 0 [T
O (p P V- (puPy)=—p——— -V - (" |YpP: — |-
i(pPy) +V - (puPy) = —p 0y W'\ YpPy) + 55 5
where the remaining unclosed terms are the scalar-conditional velocity fluctuation (penul-
timate right hand term) and the scalar molecular mixing (last right-hand term).

)

v ~j|yp15y} . (6.536)

Modeling of conditional diffusion and molecular transport b|U, ) is of main concern in
the PDF closure. Although significant progress has been made, its closure is the weakest
link. This term represents transport of the PDF by molecular diffusion. Relevant processes
include both transport in physical space and transport in composition space. Molecular
transport is typically negligible for high Reynolds number flows at Sc¢ ~ 1 and Pr ~ 1. By
expanding the diffusion term (for constant density and diffusivity), we can see that only
the conditional diffusion portion of the molecular mixing term requires modeling:

aV2Y|U,Y = aV?Y +aV2Y'|U, Y, (6.537)

where only the last right hand term remains unclosed. Closure models for conditional
diffusion should fulfill the following constraints and requirements:

(1) Scalar mean must remain unchanged

(2) Correct representation of joint scalar dissipation rate

(3) Velocity and scalar gradients must remain uncorrelated

(4) Local scalar isotropy must be correct

(5) PDF of conserved scalar should relax to Gaussian distribution
(6) All scalars must remain bounded
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(7) Mixing should be local in composition space
(8) Mixing rate should depend on scalar length scale
(9) Mixing should depend on Re, Se¢, Da, etc.

By considering the unclosed term:
aV2Y'\U,y (6.538)

describing molecular mixing, we can justify the following requirements for a conserved scalar
representation:

(1) Gaussianity: follows from the law of large numbers
(2) Molecular mixing must leave scalar mean unchanged. Specifically, integrating
molecular mixing over the PDF Py y should give

/ / aV2Y' U, Y Py ydUdY = aV2Y? =0 (6.539)

for constant «
(3) The representation of the joint scalar dissipation rate can be written as follows,

/ Y aV2YIU, Y Py y dUdY.dYs = oY V?Y}) (6.540)

= aV - (YVY]) - aVY] - VY] (6.541)

(4) The locality of mixing in composition space should be represented such that molec-
ular diffusion in physical space is local and continuous in both space and time.
For instance, with Yo = 204 (VY,)?,

Xa
dY, = dx 6.542
¢ 200 ( )
with x, continuous. We can then expect that dY, remains continuous in compo-
sition space.

6.5.3.1. Interaction by Exchange with the Mean (IEM). We will now give an overview
of some important mixing models. The first of these is known as Interaction by Exchange
with the Mean (IEM). This is one of the simplest models, in which we assume a linear
relaxation of the scalar ), towards its mean Y,. The model formulation is thus,

VYUY - T - ), (6.543)

Ta
where 7, is the mixing time scale, which is here related to the scalar dissipation rate of
species a,

vz
= xa Xo = 204(VYY)? (6.544)

Ta
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(Yo,1,Y8,1) yyﬁ 2
Mlxmg
15Yﬁ 1) (Y(;k

FiGURE 6.51 Coalesce-Disperse model schematic.

The closure for 7, is obtained through scale similarity:

k Y/2
Tu = —3 Ta = —= Ca = Tl? (6545)
€ Xa Ta

where a value of C, &~ 2 is commonly used. This mixing model of Eq. (6.543) fulfills the
following conditions,

e Does not change the mean value
e Correct representation of the joint scalar dissipation
e Independence of the velocity and scalar gradients requires,

oIV = — (Valtd ~ V%) (6.546)

«@
e Linearity

The main issues with this model are that the PDF does not relax to a Gaussian distribution
and that the mixing is not local.

6.5.3.2. Coalesce-Disperse Model. A second well-known mixing model is the Coalesce-
Disperse (CD) model due to Curl [17] describes the mixing as a two-step process of a
dispersed two-fluid system as in Fig. 6.51.

In such a model, fluid 1 with (Y, 1,Ys,1) interacts with fluid 2, characterized by
(Ya,2,Yp,2). After interaction, the fluids are characterized by (Y 1,Y5 ;) and (Y3, Y3 ,).
This means that in the mixed state,

1
Yo = 5 (Yan + Yaz) (6.547)

" 1
Y,B = E(Yﬂ’Q + Y[—LQ). (6548)
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Properties of this model include that the mean remains unchanged and that mixing occurs
at a characteristic frequency. Disadvantages include lack of Gaussianity, equal mixing time
for all scalars, and the fact that mixing is not local. This last issue is particularly true for
the limit of Da — oo, in which the flame sheet becomes infinitely small.

6.5.3.3. Numerical Methods. A last aspect of the PDF methods that we will discuss
is the Lagrangian PDF method and the Fokker-Planck equation. The transported PDF
equation was originally derived in Eulerian form, and requires solution in joint space-time-
(velocity)-composition space. This is computationally expensive, and becomes infeasible
for problems involving even a moderate number of chemical species. To overcome this
issue, we can formulate the PDF equation as an equivalent particle method using stochastic
differential equations. The first method for accomplishing this task combines the Langevin
model for the velocity field with the species equations such that,

dat = [@+ Vor|Tdt + /(o) T dW, (6.549)

where u is obtained from RANS/LES and dW is an independent Wiener process with zero
mean and unit variance such that,

AW (t) = W (¢t + dt) — W(t) = N(0, dt). (6.550)

The first term on the right-hand side of Eq. (6.549) describes drift while the second term
describes the difference resultant from stochastic evolution of the physical process. The
species evolution is then evaluated as,

vt -
T w7 (t) + (aVY)T, (6.551)
where the first right hand term is a pointwise exact source term while the second term on
the RHS is an unclosed two-point species diffusion. By modeling the molecular mixing term
using the IEM model of Eq. (6.543) we can obtain the following Lagrangian particle model,

dX* = [a+ Var]dt + v2ardW (6.552)
d¢* = w(¢* (1)) - %(@ — o) (6.553)
o= (Y,T), (6.554)

where 77 is the turbulent mixing rate. The second method for approaching this type
of model deals with the case of homogeneous turbulence. In this situation, we can omit
the momentum conservation and only consider a stochastic differential equation for species
conservation

d¢ = wdt — adt + bdW, (6.555)
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where the term wdt represents reaction chemistry, the term adt represents drift by molecular
mixing, and the term bdW represents diffusion. In this case, we can write @ and b as,

= (-9 (6.556)
™

b= —(@2/()), (6.557)
™

where f(¢) is introduced to enforce boundedness in composition space.

6.5.4. Linear Eddy Model (LDM). Another class of turbulent combustion model, the
Linear Eddy Model, was developed as a subgrid model for LES and is generally considered
regime-independent. The key idea behind this model is that we can represent the flame
structure as a collection of one-dimensional flame elements. The turbulence-chemistry in-
teraction is represented by a triple-map, which is followed by reaction and diffusion.

\ / LES Mesh

13 / 1-D Flame
/ Elements

FIGURE 6.52 Subgrid representation of LDM.

For each 1D flame element, we can solve a 1D reaction-diffusion equation:

oY, 0

N
oT - . or 0 0 .
Pep gy = pz cpyajaa—g + € (A%T) +wr, (6.559)
a=1

where ¢ is a local coordinate. By introducing ¢ = (Y, T'), turbulence-chemistry interaction
is then represented through a triple-map,

?(&) = ¢(M(£)) (6.560)
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where,

3¢ 0<e<i3
2036 1/3<6<21/3
M(£) = 29l AB<i<l (6.561)
£ else

Advection of 1D flame elements is incorporated through splicing to accommodate mass
conservation and element coupling.

6.5.5. One Dimensional Turbulence. This type of modeling represents an extension
of the IEM multiscale approach to couple reaction, diffusion, and turbulent transport.
It combines a coupled deterministic solution for reaction and molecular transport with
a stochastic prescription for turbulent transport. Lagrangian formulations and Eulerian
representations are both solved. More details on this model can be found in [37].
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6.6. Topology-Based Combustion Models

The key idea behind topology based combustion models is that we can utilize informa-
tion about the underlying flame topology to (a) obtain a closure of unclosed/model terms
and (b) reduce the dimensional complexity of the model. Since these models rely on the
underlying flame topology, they tend to be grouped into the asymptotic limits of premixed
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flame models and diffusion flame models. Of course, regime dependence can restrict appli-
cability and accuracy of the combustion model if not applied carefully and appropriately.
Often, these models are referred to as either flamelet models or tabulated chemistry models.
The concept of a flamelet was introduced in Discussion Box 11. A flamelet is a represen-
tation of a flame as an ensemble of laminar diffusion/premixed flames — the fundamental
assumption in this case is that turbulent structures do not penetrate the flame, and thus
only lead to deformation and stretching of the reaction-diffusion region. In analyzing these
types of schemes, we will start by revisiting the flamelet model for diffusion flames.

6.6.1. Flamelet Models. In the derivation of the flamelet equations, the following as-
sumptions are introduced:

(1) Typically derived for low-Mach number flows

(2) Derivation in the limit of large Da flows requires an assumption that chemical time
scales are fast compared to turbulent flow scales, and it is difficult ot incorporate
the effects of slow time scales (NO formation, radiation, soot, etc.)

(3) Flamelet derivation depends on solution of a boundary-value problem with well-
defined conditions in the fuel/oxidizer streams; extensions to multi-stream systems
is therefore difficult

For the formal model derivation of the flamelet equation, we consider the scalar equa-
tion,

pOip + pu - Vo = paV2¢ + pw (6.61)
PO Z + pu-VZ = paV32Z, (6.62)

where we have assumed equal diffusivity, Le = 1, and constant transport properties. Now,
consider a surface of stoichiometric mixture, and construct the local coordinate system as
shown in Fig. 6.61 (this is equivalent to a Crocco-transform). Formally, we can evaluate

(Z)

IS

~

FIGURE 6.61 Coordinate system for flamelet equation derivation.
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directions as,

\ nxeé . dZ

o - dx=n=",
VZ|

so that n is aligned with the mixture-fraction gradient. We now introduce a coordinate

transformation:

(6.63)

(t,@) — (T7Z(£a t)7Z2; Z3> (664)
and transformation rules,

o oro 0z

—=——+—0Z .

ot~ otor o (6.65)
d o a9\
vz . =(0—=:— . 6.66
V=Vagg tVL Vo ( ’azg’azg) (6.66)
Applying the transformation rule to the governing equations gives:
o9 1 O?

¢_1 ? —pi=—pu-Vio+paVio+2paVZ - V.10, (6.67)

Pdfz - QPXZTZE

where ¢ = (y, H )T and w = (gT, qr)T. An asymptotic analysis with stretched coordinates,

1
§= E(Z — Zst) (6.68)
with € ~ 1/E,4 gives the following,
o0 1 9%
P T 5PXZ g, = P (6.69)
Xz = Xzt exp {2 ([erfe ™ (2Z4)]? — [exfc ™' (22)]) } . (6.610)

By invoking the steady state assumption, we can precompute all flamelet solutions for
different x4 and parameterize all thermochemical quantities in terms of Z and x4,

W= E4(Z,xw) (6.611)
with: ¢ = (v, o, @, T, Y) T (6.612)

Closure of the averaged conservation equations for low Mach number flows gives:
op+V-(pu) =0 (6.613)
pou+pu-Vu=-Vp+V.-g+V.-1* (6.614)

2
g = Vi + (V)"] - SAViL (6.615)
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where 7* represents contributions from other sources to the momentum equation. Filtered
quantities and other quantities are then obtained using a presumed PDF closure model:

@:/ Eu(Z,X2)P(Z, xz)dZdx 2, (6.616)

where P(Z, xz) is the joint PDF of Z and xz. A common model for P(Z, ) is obtained
by writing,

P(Z,xz) = SP(Z.x2) = EP(Z)P(x2) (6.617)
under the assumption of statistical independence, and we use,
P(Z)=B(Z,Z,2") (6.618)

by writing xz = xzstf(Z) so that we only need to model P(xs). A common model is to
represent P(xst) with a log-normal distribution (xs > 0),

1 (In xst — :u)2 }
E—— - 6.619
XstOV 2m P { 202 ( )

with ¢ &~ 1 and 4 = In’yg. Note that the model requires transport equations for Z , z7
and an algebraic model for ygt.
Note that there are several modifications to this formulation. These can include:

o Flamelet/Progress-Variable (FPV) Model
e Flamelet-Generated Manifold (FGM)
e Flame Prolongation of ILDM

In the last two models, the flamelet state space is commonly constructed from premixed
flamelet solutions.

P(Xst) -

6.6.2. Flamelet Model for Turbulent Diffusion Flames. The formulation and deriva-
tion of the flamelet model for turbulent diffusion flames presented here follows that due to
Peters [18]. The Steady Laminar Flamelet Model (SLEM) describes turbulent flames from
the solution of the steady laminar flamelet equations by including the upper stable branch
and mixing branch of the S-curve.

The Flamelet Progress Variable (FPV) Model represents a parameterization of the
state-space of Eq. (6.611) using the mixture fraction and the progress variable [32, 19],

¥ =gy(Z,0). (6.620)

As shown in Fig. 6.62a and Fig. 6.62b, the FPV model represents relaxation to a steady
S-curve in state space while the SLFM represents projection onto a steady S-curve.
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C C

Y
N\

(a) SLFM. (b) FPV.

FIGURE 6.62 Steady laminar flamelet model (a) corresponds to vertical
projection onto the S-curve in state-space, while FPV model (b) relaxes to
a steady S-curve.

6.7. Turbulent Premixed Combustion Models

To use flamelet models for premixed combustion, we introduce a progress variable C'
that is defined by the normalized temperature,

T-T,

o (6.71)
In the limit that the flame is infinitely thin, we can represent the distribution of C as,
P(C)=p§C)+ (1 - 5)é(1 - C). (6.72)
The transport equation for the C follows then as,
20,C +pu-VC =V - (paVC) + V - (pu”"C") + mec. (6.73)
A conventional model for the source term is,
me = pysrloX (6.74)

with p, the density in the unburned mixture, sy, the laminar burning velocity, Iy the stretch,
¥ flame surface density (flame surface per unit volume). Algebraic model for ¥,

1
L,
with Zy the crossing length scale. The transport equation for ¥ can be obtained,
2
BT+ V- (@) = V- (payVE) + C1 <% — Cysy, (6.76)

k 1-C
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Burned
C =

Unburned
C=0

FIGURE 6.71 Definition of the progress variable.

Other models include the Coherent Flame Model — however, this model does not contain
any information about chemistry.

6.7.1. Level Set Equation for Premixed Flames. We now introduce a distance func-
tion G(z,t) that defines distance to the flame. Note that we take G(zp,t) = Gp. The
conservation equation for G can be written as,

DG =0. (6.77)
From the kinematic balance at the flame front, we have,

dr L N VG
u+ s i ~ar

(6.78)

S8

E — 4 1o
upon rearranging, we have,
D.G = s.,|VG], (6.79)

which is a purely kinematic equation. Note that the influence of chemistry is introduced
through sy, and that sy depends on strain, curvature, Lewis number, and other hydrody-
namic and mixture parameters.
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IS

Unburned ]éuingd
G < Gy 0

FIGURE 6.72 Definition of the level-set variable G.

At this point, we proceed to analysis of the regime diagram for turbulent combustion.
As shown in Fig. 6.73, there exist several key combustion regimes:

Laminar flame: Re < 1

Wrinkled flame: u' < sp: In this case, the turn-over velocity u’ of the largest
eddies is not large enough to compete with the advancement of eddies of the flame
front at the laminar burning velocity. This regime is not relevant for practical
applications.

e Broken reaction zone: only present in the limit of high u'/sp,
o Corrugated flamelet regime: v’ > Sc¢, Re > 1, Ka; < 1, with Ka = 1p/t, — lp <

1. In this regime, the entire reactive-diffusive structure of length scale Iy is embed-
ded within eddies of size 1. The flame is not perturbed by turbulent fluctuations
and remains quasi-steady. Note that if [p ~ 7, the flame will transition from the
corrugated regime to the thin reaction zone regime. The lp = 7 equivalency is
known as the Klimov-Williams condition.

Thin Reaction Zone Regime: Re > 1, Kas < 1, Ka < 1. The fact that Ka < 1
implies that the smallest eddies of size 1 can enter into the reactive-diffusive flame
structure since < lp. The smallest eddies, however, are still larger than the inner
layer thickness Iy such that n < ls; = lr. In this case, there is no penetration into
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u'/sp
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(14
Kas =1
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FIGURE 6.73 Regime diagram for turbulent combustion.

the inner layer, and only broadening of the flame structure occurs as a result of
turbulence.

Given these different combustion regimes, it is now useful to consider several different models
for premixed turbulent flames. The first of these is the G-Equation, which is defined as
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Flame Front

FIGURE 6.74 Schematic of the corrugated flamelet regime.

Flame Front

FIGURE 6.75 Schematic of the thin reaction zone regime.

follows,
DtG =Sy, ‘VG' .
The burning velocity model,

sp =89 — 8 Mk — Ms,

(6.710)

(6.711)
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where the second right hand term is the curvature and the third right hand term is the
strain. The curvature is defined as,

VG
—V-h=V-[|-——2 712
K=V 1=V < IVGI>’ (6.712)
the strain is,
s=-n-Vu-i (6.713)

and the Markstein length M defines the effects of heat-release on flame location. To solve
this level set equation, we define G as a field variable using a signed distance function
[VG| = 1. We can then solve the advection equation for G with a closure model for the
flame speed being dependent on the combustion regime.

Consider, for instance, the thin reaction zone regime. The temperature field evolves as,

pD/T =V - (paVT) + pwr. (6.714)
meaning that the propagation of the isosurface T'(x,t) = Ty is governed by,
d
T + VT -2 =0 (6.715)
dt | p_q,
and its motion is defined as,
d
a = up + s (6.716)
dt |p_r,

where the displacement speed is defined as,

V- (paVT) + pwr
Sq = , (6.717)
pIVT| Ty
and
vT
n=—-——— . (6.718)
|VT| T=Ty
In this case, the G-Equation closure is,
V - (paVT) + powp
DG = vG 6.719
o= [T ive (0719
By splitting the displacement speed into normal and tangential components, we obtain,
V- (paVT) = —palVT|V -1+ i - V(pahn - VT) (6.720)

which gives,

DG = (sn + s,)|[VG| — ak|VG| (6.721)
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By normalizing the G-Equation with the Kolmogorov scaling,
x U

th=—; ¥=—; u'=—; (6.722)
ty n Uy
K =kn; V'=nV (6.723)
we obtain the following with sz, s = s,, + sr,
0-G +u* - VG = L2 |vr G| — Lt viq (6.724)
un v

For the thin reaction zone regime sy, s < u,, and for the corrugated regime s9 > u,. Thus,
the leading order model equation for both regimes becomes,

PG + pu - VG = (ps))o — (pa)ko; o = |VG] (6.725)
The closure for RANS/LES is obtained by presumed PDF-Model:

o(z,t) = /00 GP(G,z,t)dG (6.726)
G2 (z,t) = /OO (G — G*P(G, z,t)dG, (6.727)

which gives,

p0G 47 - VG +V - (pu”"G") = (ps%)7 — (pa)Fo (6.728)
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ME471DemoNotebook

June 7,2017

In [1]: from _ future_ import print_function

import cantera as ct

import cantera

import numpy as np

import matplotlib.pylab as plt
import sys,os

import pandas as pd
smatplotlib inline

In [84]: def compute_flame_speed_and_sensitivities(gs):
# Simulation parameters

width = 0.03 # m
initial_grid = [0.0,0.001,0.01,0.015,0.02,0.029,0.03]

Flame object

= ct.FreeFlame (gs)

.set_refine_criteria(ratio=2, slope=0.1, curve=0.14)
.solve (loglevel=1, refine_grid=True ,auto=True)

Hh oHh Hhoss

# Use the adjoint method to calculate sensitivities
sens = f.get_flame_speed_reaction_sensitivities()
return f, sens

def print_sensitivities(gs, sns):

print ('Rxn # k/S*dS/dk Reaction Equation')
print ('-————  —————————— o ")
for m in range(gs.n_reactions):

print ('{: 5d} {: 10.3e} {}'".format (

m, sns[m], gs.reaction_equation(m)))

def print_flame_speed(sl):
flsp = sl.ul0]
print ('Flame speed: %f ' % (flsp))
return flsp
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def print_gas_params(gs) :
TPX = gs.TPX
gs.equilibrate ('HP', solver='gibbs')
t_ad = gs.T
cp_ad = gs.cp_mass
gs.TPX = TPX

phi = (gs.mole_fraction_dict() ['CH4']/gs.mole_fraction_dict()['02'])/
print ('CH4 mole fraction: %f' % gs.mole_fraction_dict () ['CH4'])

print ('02 mole fraction: %$£f' % gs.mole_fraction_dict () ['02'])

print ('N2 mole fraction: %$f' % gs.mole_fraction_dict () ['N2'])

(
(
(
print ('Equivalence ratio: %f' % phi)
(
(
(

print ('Unburned specific heat capacity: %$£' % gs.cp_mass)
print ('Burned specific heat capacity: %$£' % cp_ad)
print ('Adiabatic flame temperature: $£f' % t_ad)

def get_x_vec(ky, fs):
return fs.X[fs.gas.species_index(ky)]

def get_y_vec(ky, fs):
return fs.Y[fs.gas.species_index(ky)]

def get_mw(ky, fs):
return fs.gas.molecular_weights[fs.species_index (ky)]

def print_sensitivities(gs):

print ()
print ('Rxn # k/Sxds/dk Reaction Equation')
print('-——- - ")
for m in range(gs.n_reactions):
print ('{: 5d} {: 10.3e} {}"'".format (

m, sens[m], gs.reaction_equation (m)))

def norm_vec (vc) :
return [v/max(vc) for v in vc ]

In [72]: #Computing flame speed
p = ct.one_atm # pressure [Pa]
Tin = 300.0 # unburned gas temperature [K]
mech = '/home/jdunnmon/Research/Mechanisms/gri30/grimech30.cti’
gas_obj = ct.Solution (mech, 'gas"')

reactants = '"CH4:0.5, 02:1, N2:3.76"
gas_obj.transport_model = 'Mix'
gas_obj.TPX = Tin, p, reactants
print_gas_params (gas_ob]j)

CH4 mole fraction: 0.095057
02 mole fraction: 0.190114




126

8. EXAMPLE CANTERA CODE

N2 mole

Equivalence ratio:

fraction: 0.714829

1.000000

Unburned specific heat capacity: 1077.338911
Burned specific heat capacity: 1514.344414
Adiabatic flame temperature: 2225.524583

In [73]:

sol, sens = compute_flame_speed_and_sensitivities (gas_obj)

*xxkxkxkxxxx Solving on

Attempt
Take 10
Attempt
Take 10
Attempt
Take 10
Attempt
Take 10
Attempt
Take 10
Attempt
Take 10
Attempt
Take 10
Attempt
Take 10
Attempt

Problem

Newton solution

timesteps 2.

Newton solution

timesteps 0.

Newton solution
timesteps
Newton solution

timesteps 5.

Newton solution

timesteps 2.

Newton solution

timesteps 0.

Newton solution
timesteps
Newton solution
timesteps
Newton solution

6 point grid with energy equation enabled ks xkxx*x*

of steady-state problem...

136e-05 4.337

of steady-state problem...

0005474 2.871

of steady-state problem...
0.002338
of steady-state problem...

3.919

852e-05 5.895

of steady-state problem...

083e-05 6.13

of steady-state problem...

0003559 4.887

of steady-state problem...
0.009121
of steady-state problem...

3.422

0.1558 2.308

of steady-state problem...

solved on [7] point grid(s).

grid refinement disabled.

failure.

failure.

failure.

failure.

failure.

failure.

failure.

failure.

success.

Kok KKk Kk kxxkkxkxxkxkx Solving with grid refinement enabled sk &k &k k& kk k& kk k%

In [74]:

print ('Flame speed = Sf'

Flame speed = 0.379667

In [83]:

zz = sol.flame.

#Plott

grid-0.03

plt.figure (figsize=[6,4])

plt.plot(zz,s0l.T/1000, 'k-",label="T/1000"
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plt.plot(zz,15+get_x_vec('CH4',sol), 'b-',label="15$X_{CH_4}$")
plt.plot(zz,10+get_x_vec('02',sol), 'r-',label="10$X_{0_2}$")
plt.plot(zz,10+get_x_vec('CO',sol), 'g-"',label="10$X_{CO}$")
plt.plot(zz,100+xget_x_vec('CH3',sol), 'k--"',label="100$X_{CH_3}$")
plt.xlabel('x, m', fontsize=12)

plt.ylabel ('Flame Structure Quantities', fontsize=12)
plt.legend(loc="'best"')

plt.x1lim([-0.003,0.003])

plt.ylim([-0.01, 2.3])

plt.title('Premixed Flame Structure', fontsize=12)
plt.savefig('./GraphImages/PremixedFlameFig.pdf")

Premixed Flame Structure
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